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✤ Работа включает в себя исследования по двум 
направлениям:

✤ Фрагментационное рождение адронов с 
открытым очарованием в e+e–-аннигиляции

✤ Образование двух     -пар в условиях LHC(b)cc̄
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✤ Цели:

✤ С использованием непертурбативной ФФ, зависящий только от 
образующегося адрона описать данные как B-фабрик 
(10.58 ГэВ), так и данные LEP (91.2 ГэВ)

✤ Исследовать свойства применяемой непертурбативной ФФ, 
связанные с различие в кварковом составе конечных частиц

Фрагментационное рождение 
адронов
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✤ Цели:

✤ Для парного рождения J// вычисления в gg и qq процессах 
были проведены еще в 1982 году в LO pQCD в CS-модели. 
Необходимо получить следствия, допускающие 
непосредственное сравнение с данными, получаемыми LHCb.

✤ Рассмотреть рождение J//+D, отличающееся от J//J// 
отсутствием правил отбора, и, поэтому, важное для выяснения 
механизмов рождения рассматриваемых конечных состояний.

cc̄Образование двух     -пар в 
условиях LHC(b)
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Результаты, выносимые на защиту

✤ Фрагментационное рождение адронов:

✤ Показано, что NLO-эволюция позволяет пользуясь 
универсальной непертурбативной ФФ получить импульсные 
распределения очарованных адронов в e+e–-аннигиляции при 
энергиях 10.58 ГэВ и 91.2 ГэВ.

✤ Показано, что различие непертурбативных ФФ для 
очарованных мезонов и барионов обусловлено различием в их 
кварковом составе.
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Результаты, выносимые на защиту

✤ Образование двух     -пар в условиях LHC(b):

✤ Получены сечения и кинематические распределения в LO pQCD 
CS-модели для процессов gg→ J//J// в кинематических условиях 
установки LHCb. Написан production tool LbOniaPairs для 
моделирования рождения пар S-волновых чармониев и 
боттомониев в LHCb framework.

✤ Найдено сечение процесса gg→ J//D в условиях LHCb и получены 
кинематические распределения образующихся J// и D-мезонов. 

✤ Проанализирована возможная роль двойных партонных 
соударений в образовании конечных состояний с четырьмя 
c-кварками.

cc̄
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Фрагментационное рождение адронов с 
открытым очарованием в e+e–-аннигиляции
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План

✤ Эволюция пертурбативной ФФ

✤ Извлечение непертурбативной ФФ и обсуждение ее 
свойств

✤ Результаты для рождения
✤ D* и 0C – от 10 к 90 ГэВ

✤ D – напрямую и от распадов D*

✤ D(*) и 0C в распадах B
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Факторизация

✤  

✤  

✤

2

section factorizes into mass-independent hard partonic cross sections convoluted with so-

called fragmentation functions describing the probability for the parton to fragment into a

particular heavy hadron [1, 2].

Let us consider the inclusive production of a heavy hadron H via the decay of a vector

boson V = γ∗, Z0 produced in the e+e− annihilation:

e+e− → V (q) → H(pH) +X. (1)

It is convenient to introduce the scaling variable x for expressing the heavy hadron energy

in the center-of-mass frame,

x =
2pH · q
q2

C.M.=
2EH√

s
. (2)

Experimental data are often presented in terms of the scaled momentum xp =

|"pH | /
√
s/4−m2

H . But due to large energy of interaction both scaling variables are almost

indistinguishable.

As stated above, at leading power in m2
Q/s the differential production cross section can

to all orders of perturbation theory be factorized as

dσH

dx
=

∑

a

dσ̂a

dx
(x,

√
s)⊗Da/H(x,mQ, µ), (3)

where dσ̂a/dx is the cross section for producing a massless parton a with the scaled energy x

after subtracting the collinear singularity in the MS factorization scheme, and fragmentation

function Da/H gives the probability for a parton a to fragment into a heavy hadron H

carrying a fraction x of the parton’s momentum. Da/H also depend on the factorization

scheme, but the convolution of the two term is not, so that the physical cross section is

prescription independent [1].

The factorization formula (3) separates the dependence on the heavy-quark mass mQ

from the dependence on the center-of-mass energy which is contained in the partonic cross

sections. These hard cross sections can be calculated in the massless approximation. All

dependence on the resulting hadron resides in the fragmentation functions which are process-

independent non-perturbative quantities. Like the parton distribution functions (PDF’s)

fragmentation functions must be measured at some scale and their values at any other scale

can be obtained by solving the DGLAP evolution equations [3–5].

The fragmentation functions incorporate long-distance, non-perturbative physics of the

hadronization process in which observed hadrons are formed from the partons. For proper
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Факторизация

✤ Необходимо разделить жесткие (p ∼ q) и мягкие (p ∼ ΛQCD) эффекты

✤  

✤ Однако при x → 1 пертурбативная ФФ сама содержит логарифмы 

вида ~ ln(mQ(1− x)) ∼ ln(ΛQCD), соответствующие излучению мягких 

глюонов

✤ При этом непертурбативный режим наступает при

x > xbr ≈ 1 − ΛQCD/mQ

3

understanding of hadronic uncertainties one needs to separate short p ∼ q and long p ∼ ΛQCD

distance effects. The most popular approach is to factorize the fragmentation function

into perturbative and non-perturbative components: Da/H = Dpert
a/H ⊗ Dnp

Q/H [6, 7, 9].

The first component is identified with the so-called perturbative fragmentation function,

Dpert
a/H(x,mQ, µ) = Da/Q(x,mQ, µ) while for the non-perturbative component a model such

as Kartvelishvili et al. [10, 11] or Peterson et al. [12] is adopted.

Perturbative fragmentation functions Da/Q describe the probabilities for partons a to

fragment into an on-shell heavy quark Q. They are relevant for the discussion of inclusive

heavy-quark production, where one sums over all possible hadron states H containing heavy

quark Q. Quark-hadron duality suggests that

∑

H

Da/H(x,mQ, µ) = Da/Q(x,mQ, µ) +O
(

ΛQCD

mQ(1− x)

)
. (4)

However, such a relation can be expected to hold only if x is not too close to 1, so

that the scale mQ(1 − x) is in the short-distance regime. It is important to mention, that

such an ansatz spoils the proper factorization of short- and long-distance contributions.

For x → 1 perturbative fragmentation function itself contains long-distance contributions

from logarithms of momentum scales of order mQ(1 − x) ∼ ΛQCD. Such logarithms are

responsible for soft gluon emission and are not controllable in the perturbation theory. The

previous attempts to resum the lnn(1 − x) terms in the fragmentation functions have thus

led to unphysical negative values in the x → 1 region [8]. As a matter of fact, the Landau

singularity of the perturbative coupling at small transverse momenta leads to a branch-

point in the resummed expression and produces the negative behavior at 1−x ∼ ΛQCD/mQ.

Soft-gluon resummation therefore suggests that the non-perturbative phenomena become

dominant when x > xbr ≈ 1−ΛQCD/mQ. The invariant mass of heavy quark and soft gluons

emitted can be estimated as mQ(1+ (1− xbr)/xbr) ≈ mQ/(1−ΛQCD/mQ) ≈ mQ +ΛQCD. It

means that soft gluons revealing themselves at ΛQCD scale can play appreciable role in the

hadronization process.

To incorporate non-perturbative hadronization effects into the heavy-quark fragmenta-

tion functions is the main objective of this work. Thus, let us not to resum to all orders of

perturbation theory the long-distance terms in the perturbative contribution. The motiva-

tion against resummation was adduced above. The non-perturbative fragmentation function

will be numerically retrieved from experimental data. Being retrieved from the B-factories
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Факторизация

✤ Суммирование этих вкладов во всех порядках по 1S проведено в JHEP 

0604 (2006) 006 (Matteo Cacciari, Paolo Nason, Carlo Oleari).

✤ Однако, пертурбативный ряд очевидно расходится при 

1 – x = ΛQCD/mQ, что соответствует полюсу 1S.

✤ Такой подход приводит к отрицательным значениям ФФ при 

x близких к 1.

✤ В представляемой работе суммирование мягких глюонов не 

производится, оставляя учет этого эффекта непертурбативной части ФФ.
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Эволюция ДГЛАП

✤   

✤ NLL эволюция (функции расщепления в NLO) 

✤ NLO начальные условия и NLO партонное сечение

✤  

4

data on the D∗ production at the Υ(4S) energy, this function allows to describe ALEPH

data at Z-boson peak with the reasonable precision. Apart from testing evolution of the D∗

fragmentation the difference between meson and baryon fragmentation will be studied. It

will be shown that in the x → 1 region this difference is in agreement with the premises of

Kartvelishvili et al. model.

II. THEORETICAL PRELIMINARIES

A. Perturbative fragmentation function and QCD evolution

With the use of factorization relation for fragmentation function and the assumption that

Dpert
a/H(x,mQ, µ) = Da/Q(x,mQ, µ) eq. (3) can be rewritten as follows:

dσH

dx
(x,

√
s,mQ) =

∑

a

dσ̂a

dx
(x,

√
s)⊗Dpert

a/Q(x,mQ, µ)⊗Dnp
Q/H(x) =

=
dσQ

dx
(x,

√
s,mQ)⊗Dnp

Q/H(x), (5)

where dσQ/dx is the heavy quark differential inclusive cross section.

The MS fragmentation functions Da/Q obey the DGLAP evolution equations

dDa/Q

d lnµ2
(x,mQ, µ) =

∑

b

∫ 1

x

dz

z
Pba

(
x

z
,αs(µ)

)
Db/Q(z,mQ, µ). (6)

Let us introduce a notation

ᾱs(µ) =
αs(µ)

2π
, (7)

where the standard two-loop expression for αs(µ) is used. Then the perturbative expansion

for the Altarelli-Parisi splitting functions Pba would have the following form:

Pba (x, ᾱs(µ)) = ᾱs(µ)P
(0)
ba (x) + ᾱ2

s(µ)P
(1)
ba (x) +O(ᾱ3

s), (8)

where the P (0)
ba are [5]

P (0)
QQ(x) = CF

[
1 + x2

(1− x)+
+

3

2
δ(1− x)

]

,

P (0)
gg (x) = 2CA

[
x

(1− x)+
+

1− x

x
+ x(1− x) +

(
11

12
− nfTF

3CA

)
δ(1− x)

]

,

P (0)
gQ (x) = CF

1 + (1− x)2

x
,

P (0)
Qg (x) = TF

[
x2 + (1− x)2

]
, (9)
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The NLO splitting functions P (1)
ji (needed to achieve NLL accuracy) have been computed in

[13–17] and are too lengthy to be replicated here.

The initial conditions for the MS fragmentation functions were first obtained at the NLO

level in [1]. They are given by
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Q/Q(x,mQ, µ0) = δ(1− x) + ᾱs(µ0) d

(1)
Q (x,mQ, µ0) +O(ᾱ2

s) ,

Dini
g/Q(x,mQ, µ0) = ᾱs(µ0) d

(1)
g (x,mQ, µ0) +O(ᾱ2

s) , (10)

(other Da/Q are of order α2
s), where

d(1)Q (x,mQ, µ0) = CF

[
1 + x2

1− x

(

ln
µ2
0

m2
Q

− 2 ln(1− x)− 1

)]

+

,

d(1)g (x,mQ, µ0) = TF

[
x2 + (1− x)2

]
ln

µ2
0

m2
Q

. (11)

Although the sum in expression (5) runs over all types of partons, Dg/Q is αs-suppressed

with respect to DQ/Q while other Da/Q being α2
s-suppressed. So in the following let us keep

only direct component DQ/Q since it is quite sufficient for the purposes of current work.

Thus, expanding the convolution, for heavy quark spectrum one obtains

dσQ

dx
(x,

√
s,mQ, µ) =

∫ 1

x

dz

z

dσ̂Q

dz
(x/z,

√
s)DQ/Q(z,mQ, µ), (12)

where NLO expression for the partonic cross section from [18] should be used:
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√
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(1)
Q (x,

√
s),
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s) = CF

[

1 + ln
s

m2

(
1 + x2

(1− x)+
+

3

2
δ(1− x)

)

+

+
1

2

x2 − 6x− 2

(1− x)+
−

(
ln(1− x)

1− x

)

+

(1 + x)2 +

+ 2
1 + x2

1− x
ln x+

(
2

3
π2 − 5

2

)
δ(1− x)

]

. (13)

The procedure outlined above guarantees that all leading and next-to-leading logarithmic

terms of quasi-collinear origin (terms of the form (ᾱs log(q2/m2
Q))

n and ᾱs(ᾱs log(q2/m2
Q))

n

respectively) are correctly resummed in the cross section [1].

For the subsequent analysis it is convenient to turn to the Mellin moments of the quantities

involved. The Mellin transformation f(N) of function f(x) is defined as

f(N) ≡
∫ 1

0
dx xN−1f(x) . (14)

6

In Mellin space the evolution equations (6) take the simple form

dDa/Q

d lnµ2
(N,mQ, µ) =

∑

b

Pba(N,αs(µ))Db/Q(N,mQ, µ) . (15)

This equation at NLO level was solved analytically in [1] and for the direct component

DQ/Q one has:

DQ/Q(N,mQ, µ) = E(N, µ, µ0)D
ini
Q/Q(N,mQ, µ0),

E(N, µ, µ0) = exp

{

ln
αs(µ0)

αs(µ)

P (0)
QQ(N)

2πb0
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+
αs(µ0)− αs(µ)

4π2b0

[

P (1)
QQ(N)− 2πb1

b0
P (0)
QQ(N)

]}

. (16)

Defining

σc(N,
√
s) ≡

∫ 1

0
dx xN−1dσc

dx
(x,

√
s) , (17)

one has the following expression for the NLO distribution:

σc(N,
√
s) = σ̂Q(N,

√
s)E(N, µ, µ0)D

ini
Q/Q(N, µ0,mQ). (18)

Both a(1)Q and d(1)Q contain terms proportional to the αs/(1 − x)+ and

αs [ln(1− x)/(1− x)]+, associated to the emission of a soft gluon. These terms give

rise to a large-N growth of the corresponding Mellin transforms

a(1)Q (N,
√
s, µ) = CF

[

ln2N +

(
3

2
+ 2γE − 2 ln

s

µ2

)

lnN + αQ +O(1/N)

]
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d(1)Q (N,µ0,mQ) = CF

[

−2 ln2N + 2

(

ln
m2

µ2
0

− 2γE + 1

)

lnN + δQ +O(1/N)

]

. (19)

Leading αn
s ln

n+1 N and next to leading αn
s ln

n N logarithmic contributions were re-

summed to all orders of perturbation theory in [19]. Opposed to fixed order calculation,

which leads to finite and positive fragmentation function at almost all values of x except

the x → 1 region (where the δ-function from the initial condition becomes apparent), NLL

resummed result exhibit pathological negative behavior when x approaches 1. The reason is

that the Landau singularity of the perturbative QCD coupling at small transverse momenta

leads to branch-points in the resummed expression for the initial condition and the coefficient

function. This singularity appears at µ ∼ ΛQCD, and signals the onset of non-perturbative

phenomena at the large values of N or, equivalently, when x is close to 1. At such large
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In the initial condition the singularities start at the branch-point

NL
ini = exp

(
1

2 b0αs(µ0)

)

!
µ0

ΛQCD
, (20)

while for the coefficient functions the branch-point is

NL
q = exp

(
1

b0αs(µ)

)

!
µ2

Λ2
QCD

. (21)

The previous attempts to restore the physical behavior of fragmentation functions con-

sisted in introducing a tower of power corrections to N represented by the replacement

N → N
1 + f/NL

ini

1 + f N/NL
ini

, (22)

in the initial condition and

N → N
1 + f/NL

q

1 + f N/NL
q

, (23)

in the coefficient function. It is easy to see that f being more or equal to 1 unphysical region

is unreachable. But it is important to keep in mind that there is no rigorous justification

for the replacements (22), (23).

B. Non-perturbative fragmentation function

The most popular parameterizations for the non-perturbative fragmentation functions

are Peterson et al. [12] and Kartvelishvili et al. (KLP) [10, 11]. The former has a form

of the heavy quark propagator and does not depend on the hadron produced. Thus let

us concentrate on the latter one. It is based on the Gribov-Lipatov “reciprocity relation”

between Dnp
Q/H and the distribution function of quark Q in hadron H [4]:

Dnp
Q/H(z)

z→1= fQ
H (z), (24)

where z = pH/pc is the hadron momentum fraction with the respect to the heavy quark mo-

mentum. The expression for f c
D∗ was found out in [25] on the basis of Kuti-Weisskopf model.

The parametrization obtained is significantly related to the Regge trajectory parameters of

the QQ̄-system and has the following form:

f c
D∗(x) =

Γ(2 + γM − αQ − αq)

Γ(1− αQ)Γ(1 + γM − αq)
x−αQ(1− x)γM−αq , (25)
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8

where αq = 1/2 is the intercept of the light quarks trajectory ρ,ω, f, A2, αQ is the intercept

of the leading trajectory for the QQ̄-system and γH is a parameter determining the behavior

of the distribution function for x → 1. Its value originates from the q(−2) diminution of the

form-factor as it is known that q(−2k) diminution of form-factor leads to the (1 − x)2k − 1

behavior of the distribution function at large x. Assuming the universality of the sea quarks

distribution in all mesons one gets γM = 3/2. In much the same way for ΛC-baryons the

following expression was found out:

f c
Λc
(x) =

Γ(3 + γB − αQ − 2αq)

Γ(1− αQ)Γ(1 + γB − 2αq)
x−αc(1− x)1+γB−2αq , (26)

where γB = 3 and the factor 2 is related to the number of valent light quarks in baryon.

Gribov-Lipatov “reciprocity” relation with known distribution functions (25), (26) deter-

mine the behaviour of the fragmentation functions in the x → 1 limit. For the small values

of x the condition for the fragmentational approach to be valid (p # mQ) is not satisfied.

Nonetheless, if at small x values the production of heavy hadrons mainly depend on their

wave functions, then coinciding x → 1 asymptotes of (25) and (26) prognosticate similar

behaviour of the momentum distributions of mesons and baryons in this region.

There is still some uncertainty in the value of αc. Theoretical investigations [26] based

on Regge trajectory systematics result in the value for αc in the range between −2.0 and

−3.5. It is slightly more than the value of αc ≈ −3 ÷ −4, obtained in [27] with the use of

the QCD sum rules. Another way to determine αc by the value of the heavy quarkonia wave

function in the center point leads to the value −3.5± 0.6 [28].

III. CHARM HADRONS DATA FITS NEAR THE Υ(4S)

High quality data on the charmed hadron production is provided by BELLE, BABAR and

CLEO collaborations [20–22]. One thus has the opportunity to perform a more accurate

fit for the non-perturbative initial conditions. Furthermore, it gives us the possibility to

test the evolution of the fragmentation function from the center-of-mass energies of 10.6 to

91.2 GeV, using charm data from the LEP experiments [23, 24].

For the perturbative component of fragmentation function we use expression (18) with the

NLO initial condition (10), the NLO partonic cross section (13) and the NLL evolution (16)

[32]. As stated above we do not perform NLL Sudakov resummation for the initial conditions
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In the initial condition the singularities start at the branch-point

NL
ini = exp

(
1

2 b0αs(µ0)

)

!
µ0

ΛQCD
, (20)

while for the coefficient functions the branch-point is

NL
q = exp

(
1

b0αs(µ)

)

!
µ2

Λ2
QCD

. (21)

The previous attempts to restore the physical behavior of fragmentation functions con-

sisted in introducing a tower of power corrections to N represented by the replacement

N → N
1 + f/NL

ini

1 + f N/NL
ini

, (22)

in the initial condition and

N → N
1 + f/NL

q

1 + f N/NL
q

, (23)

in the coefficient function. It is easy to see that f being more or equal to 1 unphysical region

is unreachable. But it is important to keep in mind that there is no rigorous justification

for the replacements (22), (23).

B. Non-perturbative fragmentation function

The most popular parameterizations for the non-perturbative fragmentation functions

are Peterson et al. [12] and Kartvelishvili et al. (KLP) [10, 11]. The former has a form

of the heavy quark propagator and does not depend on the hadron produced. Thus let

us concentrate on the latter one. It is based on the Gribov-Lipatov “reciprocity relation”

between Dnp
Q/H and the distribution function of quark Q in hadron H [4]:

Dnp
Q/H(z)

z→1= fQ
H (z), (24)

where z = pH/pc is the hadron momentum fraction with the respect to the heavy quark mo-

mentum. The expression for f c
D∗ was found out in [25] on the basis of Kuti-Weisskopf model.

The parametrization obtained is significantly related to the Regge trajectory parameters of

the QQ̄-system and has the following form:

f c
D∗(x) =

Γ(2 + γM − αQ − αq)

Γ(1− αQ)Γ(1 + γM − αq)
x−αQ(1− x)γM−αq , (25)

8

where αq = 1/2 is the intercept of the light quarks trajectory ρ,ω, f, A2, αQ is the intercept

of the leading trajectory for the QQ̄-system and γH is a parameter determining the behavior

of the distribution function for x → 1. Its value originates from the q(−2) diminution of the

form-factor as it is known that q(−2k) diminution of form-factor leads to the (1 − x)2k − 1

behavior of the distribution function at large x. Assuming the universality of the sea quarks

distribution in all mesons one gets γM = 3/2. In much the same way for ΛC-baryons the

following expression was found out:

f c
Λc
(x) =

Γ(3 + γB − αQ − 2αq)

Γ(1− αQ)Γ(1 + γB − 2αq)
x−αc(1− x)1+γB−2αq , (26)

where γB = 3 and the factor 2 is related to the number of valent light quarks in baryon.

Gribov-Lipatov “reciprocity” relation with known distribution functions (25), (26) deter-

mine the behaviour of the fragmentation functions in the x → 1 limit. For the small values

of x the condition for the fragmentational approach to be valid (p # mQ) is not satisfied.

Nonetheless, if at small x values the production of heavy hadrons mainly depend on their

wave functions, then coinciding x → 1 asymptotes of (25) and (26) prognosticate similar

behaviour of the momentum distributions of mesons and baryons in this region.

There is still some uncertainty in the value of αc. Theoretical investigations [26] based

on Regge trajectory systematics result in the value for αc in the range between −2.0 and

−3.5. It is slightly more than the value of αc ≈ −3 ÷ −4, obtained in [27] with the use of

the QCD sum rules. Another way to determine αc by the value of the heavy quarkonia wave

function in the center point leads to the value −3.5± 0.6 [28].

III. CHARM HADRONS DATA FITS NEAR THE Υ(4S)

High quality data on the charmed hadron production is provided by BELLE, BABAR and

CLEO collaborations [20–22]. One thus has the opportunity to perform a more accurate

fit for the non-perturbative initial conditions. Furthermore, it gives us the possibility to

test the evolution of the fragmentation function from the center-of-mass energies of 10.6 to

91.2 GeV, using charm data from the LEP experiments [23, 24].

For the perturbative component of fragmentation function we use expression (18) with the

NLO initial condition (10), the NLO partonic cross section (13) and the NLL evolution (16)

[32]. As stated above we do not perform NLL Sudakov resummation for the initial conditions
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× ln N + δQ + O(1/N)
]
.

Лидирующие, αn
s lnn+1 N , и следующие за ними,

αn
s lnn N , логарифмические вклады просуммирова-

ны в [19]. В отличие от расчетов в фиксированном
порядке теории возмущений, которые приводят к
конечным и положительным значениям фрагмента-
ционной функции почти при всех значениях x, кро-
ме предела x → 1 (где проявляется δ-функция из
начального условия (9)), просуммированное выра-
жение раньше принимает отрицательные значения
при приближении x к 1. Причиной этого является
сингулярное поведение константы сильного взаи-
модействия в полюсе Ландау в просуммированных
выражениях для начального условия и коэффици-
ентных функций. Эта сингулярность проявляется
при µ ∼ ΛQCD и свидетельствует о существенности
непертурбативных эффектов при больших значе-
ниях N или, эквивалентно, при x, близких к 1.
При таких значениях x непертурбативные вклады
должны быть правильно включены в эволюцию
пертурбативных функций.

В начальном условии сингулярность проявляет-
ся начиная с

NL
ini = exp

(
1

2b0αs(µ0)

)
$ µ0

ΛQCD
, (19)

а в коэффициентной функции с

NL
q = exp

(
1

b0αs(µ)

)
$ µ2

Λ2
QCD

. (20)

Попытки восстановить физичное поведение
функций фрагментации заключаются во введении
степенных поправок к N , выражающихся в замене

N → N
1 + f/NL

ini

1 + fN/NL
ini

(21)

в начальном условии и

N → N
1 + f/NL

q

1 + fN/NL
q

(22)

в коэффициентной функции. Легко заметить, что
при f ! 1 нефизичная область не достигается. Од-
нако какого-либо строгого обоснования проведе-
ния замен (21), (22) нет.

2.2. Моделирование непертурбативных эффектов

Наиболее часто используемыми параметри-
зациями непертурбативных функций фрагмен-
тации являются параметризации Петерсона [9]
и КЛП [10, 11]. Первая из них выражается
через пропагатор тяжелого кварка, и ее можно
рассматривать как пертурбативное выражение,

содержащее ряд непертурбативных параметров.
В параметризации Петерсона отсутствует зави-
симость от волновой функции конечного адрона,
тогда как современные экспериментальные дан-
ные демонстрируют значительную зависимость
от типа конечной частицы. Поэтому остановимся
на параметризации КЛП, которая при x → 1
существенным образом зависит от функции рас-
пределения тяжелого кварка в конечном адроне.
Она основывается на соотношении взаимности
Грибова–Липатова [4]:

Dnp
Q/H(z) z→1= fQ

H (z), (23)

где z = pH/pc –– доля импульса тяжелого кварка,
уносимая образующимся из него адроном. Выра-
жения для f c

D∗ найдены в [20] на основе простой
модели, учитывающей редже-асимптотику при ма-
лых x и кварковый счет при x → 1. Полученная
параметризация существенным образом зависит от
параметров траектории Редже системы QQ̄ и имеет
следующий вид:

f c
D∗(z) = (24)

=
Γ(2 + γM − αQ − αq)

Γ(1 − αQ)Γ(1 + γM − αq)
z−αQ(1 − z)γM−αq ,

где αq = 1/2 –– пересечение траектории Редже лег-
ких кварков; αQ –– пересечение ведущей траекто-
рии Редже системы QQ̄, а параметр γM опреде-
ляет нормировку кварк-глюонного моря. Так, если
функция распределения f c

D∗ при z → 1 убывает
как (1 − x)n, то степень убывания формфакто-
ра ∼(q−2)k связана с n соотношением n = 2k −
− 1. Убывание формфактора как ∼q−2 приводит к
значению γM = 3/2. Аналогично для Λc-барионов
получено следующее выражение:

f c
Λc

(z) = (25)

=
Γ(3 + γB − αQ − 2αq)

Γ(1 − αQ)Γ(1 + γB − 2αq)
z−αc(1 − z)1+γB−2αq ,

где γB = 3.
Соотношение взаимности Грибова–Липатова

вместе с известными функциями распределе-
ния (24) и (25) определяет асимптотики непер-
турбативных функций фрагментации при x → 1. В
пределе x → 0 условие фрагментационного режима
p & mQ не выполняется, и нет возможности
предсказать вид фрагментационной функции в
этом случае. Однако если и при малых значениях
x вид непертурбативной функции фрагментации
зависит главным образом от волновой функции
конечного адрона, совпадение асимптотик функций
распределения (24) и (25) при x → 0 указывает на
одинаковое поведение фрагментационных функций
мезонов и барионов в этой области.
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на параметризации КЛП, которая при x → 1
существенным образом зависит от функции рас-
пределения тяжелого кварка в конечном адроне.
Она основывается на соотношении взаимности
Грибова–Липатова [4]:

Dnp
Q/H(z) z→1= fQ

H (z), (23)

где z = pH/pc –– доля импульса тяжелого кварка,
уносимая образующимся из него адроном. Выра-
жения для f c

D∗ найдены в [20] на основе простой
модели, учитывающей редже-асимптотику при ма-
лых x и кварковый счет при x → 1. Полученная
параметризация существенным образом зависит от
параметров траектории Редже системы QQ̄ и имеет
следующий вид:

f c
D∗(z) = (24)

=
Γ(2 + γM − αQ − αq)

Γ(1 − αQ)Γ(1 + γM − αq)
z−αQ(1 − z)γM−αq ,

где αq = 1/2 –– пересечение траектории Редже лег-
ких кварков; αQ –– пересечение ведущей траекто-
рии Редже системы QQ̄, а параметр γM опреде-
ляет нормировку кварк-глюонного моря. Так, если
функция распределения f c

D∗ при z → 1 убывает
как (1 − x)n, то степень убывания формфакто-
ра ∼(q−2)k связана с n соотношением n = 2k −
− 1. Убывание формфактора как ∼q−2 приводит к
значению γM = 3/2. Аналогично для Λc-барионов
получено следующее выражение:

f c
Λc

(z) = (25)

=
Γ(3 + γB − αQ − 2αq)

Γ(1 − αQ)Γ(1 + γB − 2αq)
z−αc(1 − z)1+γB−2αq ,

где γB = 3.
Соотношение взаимности Грибова–Липатова

вместе с известными функциями распределе-
ния (24) и (25) определяет асимптотики непер-
турбативных функций фрагментации при x → 1. В
пределе x → 0 условие фрагментационного режима
p & mQ не выполняется, и нет возможности
предсказать вид фрагментационной функции в
этом случае. Однако если и при малых значениях
x вид непертурбативной функции фрагментации
зависит главным образом от волновой функции
конечного адрона, совпадение асимптотик функций
распределения (24) и (25) при x → 0 указывает на
одинаковое поведение фрагментационных функций
мезонов и барионов в этой области.
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Существует некоторая неопределенность в ве-
личине αc. Теоретические исследования [21], осно-
ванные на систематике траекторий Редже, указы-
вают на значение αc в интервале от −2.0 до −3.5.
Это несколько больше, чем величина αc ≈−(3−4),
полученная в работе [22] с помощью КХД-правил
сумм. Другой способ определения αc, по значению
волновой функции векторного кваркония QQ̄ в
начале координат [23], приводит к значению −3.5±
± 0.6.

3. ИЗВЛЕЧЕНИЕ НЕПЕРТУРБАТИВНЫХ
ФУНКЦИЙ ФРАГМЕНТАЦИИ ИЗ ДАННЫХ

B-ФАБРИК

Наиболее полная информация о рождении оча-
рованных адронов получена недавно Коллабора-
циями Belle, BABAR и CLEO [24–26]. В соот-
ветствии с предположением об универсальности
непертурбативной функции фрагментации можно
извлечь ее из этих данных на масштабе mΥ(4S) =
= 10.58 ГэВ и использовать для описания спек-
тров при других энергиях. Зависимость от энергии
при этом описывается эволюцией пертурбатив-
ной фрагментационной функции. Помимо проверки
КХД-эволюции, извлеченные из эксперименталь-
ных данных непертурбативные функции мезонов
и барионов позволят проверить предположения о
различии в фрагментации в мезоны и барионы,
приведенные в предыдущем разделе.

Для пертурбативной компоненты использует-
ся выражение (17)1) с NLO-начальным услови-
ем (9), NLO-партонными сечениями (12) и NLL-
эволюцией (15). При этом судаковское суммиро-
вание не производится, так как мягкие глюоны
считаются учтенными в непертурбативной состав-
ляющей.

Параметрами пертурбативных расчетов явля-
ются начальная шкала µ0 и конечная µ, которые
могут в небольших пределах варьироваться около
значений mc и

√
s соответственно. Положим µ0 =

= 2mc и µ =
√

s/2, это позволяет провести наибо-
лее удачное фитирование. Энергия в с.ц.м.

√
s рав-

на mΥ(4S) = 10.58 ГэВ. Для массы кварка следует
использовать полюсное значение mc = 1.6 ГэВ.
Поскольку масса b-кварка лежит между µ0 и µ, она
задает порог, по разные стороны которого в опе-
ратор эволюции входит различное число активных
ароматов кварков. Масса b-кварка принята равной
5.0 ГэВ. Значение ΛQCD в соответствии с αs(mZ) =
= 0.119 равно 0.226 ГэВ.

Есть несколько способов извлечь непертурба-
тивную компоненту фрагментационной функции.

1)Для расчетов используется выражение, аналогичное фор-
муле (4.15) в [1].

Во-первых, уравнения ДГЛАП можно использо-
вать и для эволюции к меньшей шкале, такой,
как mQ. Однако помимо этого необходимо будет
извлечь непертурбативную функцию из ее свертки с
пертурбативным начальным условием и партонным
сечением. Эта процедура сопряжена с обратным
преобразованием Меллина моментов эксперимен-
тальных данных, деленных на моменты партон-
ного сечения и начального условия. Численные
вычисления при этом сталкиваются с проблемой в
сходимости интегралов, что приводит к нефизич-
ным отрицательным значениям непертурбативной
функции. Полученная таким образом непертурба-
тивная функция фрагментации не позволяет кор-
ректно воспроизвести экспериментальные данные
обратной процедурой.

Другой способ, предложенный в настоящей
работе, заключается в представлении искомой
функции в виде линейной комбинации функций,
преобразование Меллина которых имеет простой
аналитический вид. При этом коэффициенты
разложения могут быть найдены фитированием
экспериментальных данных. Наиболее общим под-
ходом является поиск непертурбативной функции
фрагментации по бинам, количество которых не
должно превышать количество эксперименталь-
ных точек. Обозначим построенную таким образом
функцию как

D̃np(z) =
n∑

i=1

ciΘ
(

z − i − 1
n

)
Θ

(
i

n
− z

)
. (26)

Ее преобразование Меллина запишется как

D̃np(N) =
n∑

i=1

ci

i/n∫

(i−1)/n

zN−1dz = (27)

=
n∑

i=1

ci
(i/n)N − ((i − 1)/n)N

N
.

Фитирование экспериментальных данных мо-
жет производиться как в пространстве x, так и в
пространстве моментов. Значения ci, получаемые
обоими способами, находятся в хорошем согла-
сии. Извлеченные из данных Belle и CLEO непер-
турбативные функции фрагментации D∗+ и D∗0

представлены на рис. 1. Предполагая, что функции
фрагментации D∗+ и D∗0 совпадают, можно по-
строить усредненную непертурбативную функцию
фрагментации D∗, приведенную на рис. 2. При этом
веса выбирались пропорциональными набранной в
каждом из экспериментов статистике.

Аналогичная процедура проведена для данных
BABAR и Belle по рождению Λc-барионов. Извле-
ченные непертурбативные функции фрагментации
представлены на рис. 3, их среднее –– на рис. 4.
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FRAGMENTATIONAL PRODUCTION OF CHARMED HADRONS
IN e+e−e+e−e+e− ANNIHILATION

A. A. Novoselov

The processes of D(∗)-meson and Λc-baryon production in e+e− annihilation at 10.58- and 91.18-GeV
energies are considered. At the 10.58-GeV energy the production of charmed particles via the B-meson
decays is also considered. Scaling violation in the fragmentation functions is calculated at NLL accuracy.
Nonperturbative fragmentation functions are retrieved from the experimental data of B factories and are
approximated by simple analytic expressions. It is proved that the difference between nonperturbative
fragmentation functions of mesons and baryons can be easily explained by quark counting.
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and coefficient functions retaining these long-distance contributions for the non-perturbative

component.

Several parameters enter the perturbative calculations. First of all these are the initial µ0

and the final µ evolution scales which allow variation by a factor of order of 2 around mc and
√
s respectively. We set them to be µ0 = 2mc and µ =

√
s/2 as this values allow to perform

the most successful fiting. The center-of-mass energy
√
s is equal to mΥ(4S) = 10.58 GeV.

We shall use the pole mass for charm quark and fix it to be mc = 1.6 GeV. As the b-quark

mass lies between µ0 and µ it creates a threshold on the different sides of which different

number of active flavours enter the evolution operator. We set mb = 5.0 GeV. Experimental

value of αs(mZ) = 0.119 points to the value of ΛQCD equal 0.226 GeV.

There are several ways to retrieve the non-perturbative component. DGLAP equations

allow to perform the evolution from a larger scale to a lower one as well as in the opposite

direction. But then one needs to extract the non-perturbative function from its convolution

with the partonic cross section and the perturbative initial condition. This procedure is

connected with the inverse Mellin transform of the moments of experimental data divided

by the moments of the the partonic cross section and the perturbative initial condition. Such

calculation performed numerically faces problems with the integral’s convergence developing

into unphysical negative values of the non-perturbative function in the low x region. It was

tested that resulting non-perturbative function obtained by such way does not permit to

successively reproduce the experimental data by the reverse procedure.

Anther method, proposed in this work, is to represent the function required as a linear

combination of functions which have a simple analytic form of Mellin transform. Further,

expansion coefficients can be determined by fitting to experimental data in the Mellin space

as well as in the x-space. The most general choice is to retrieve the non-perturbative

fragmentation function bin-by-bin, choosing the number of bins n to be not more than the

number of experimental points to avoid overdetermined system for the coefficients. So, let

us define

D̃np(z) =
n∑

i=1

ciΘ
(
z −

i− 1

n

)
Θ

(
i

n
− z

)
. (27)

The corresponding Mellin transform is

D̃np(N) =
n∑

i=1

ci
∫ i

n

i−1

n

zN−1dz =
n∑

i=1

ci
(i/n)N − ((i− 1)/n)N

N
. (28)

The approximate number of points in the BELLE and BABAR data is 50, in the CLEO
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FIG. 7: xp distribution for Λ+
c in e+e−→qq events compared

with those measured for (a) Ξ0
c by BABAR [3] and (b) charmed

mesons by Belle [2].

a c baryon, with a large fraction of these decaying via
a Λ+

c . All known non-strange charmed baryons decay
predominantly through a Λ+

c , whereas no Ωc states and
only the heaviest observed Ξc states [31] are known to de-
cay through a Λ+

c , so that 70–85% of inclusive charmed
baryons would be expected to decay through a Λ+

c in
current hadronization models.

The shape of the differential production rate is consis-
tent with previous results and measured more precisely.
It is quite hard, as expected, peaking near xp =0.6. We
normalize the rate to unit area to obtain P (xp), and
compare it with previously measured distributions for Ξ0

c

baryons and D and D∗ mesons in Fig. 7. The Ξ0
c dis-

tribution is normalized to have the same peak height as
the Λ+

c distribution, and, since it was measured on the
Υ (4S) resonance, is shown only above the kinematic limit
for B-meson decays. The two charmed baryons have sim-
ilar distributions, with that for the heavier baryon shifted
up in xp by roughly 0.05. Although qualitatively similar,
the D meson distributions show broader peaks than the
baryon distributions and differ greatly in the way they
fall toward zero at high xp. The charmed baryon and
meson distributions are all much softer than the inclu-
sive B-hadron distribution at c.m. energies well above bb
threshold, which peaks around xp =0.75 [16].

The average xp value is often used in comparisons be-

TABLE II: The first six moments of the Λ+
c xp distribution

in hadronic events at
√

s=10.54 GeV.

Stat. Systematic
Moment Value Error Indep. Correl. Belle

〈xp〉 0.5738 0.0061 0.0049 0.0032 0.5824±0.0025
˙

x2
p

¸

0.3544 0.0038 0.0030 0.0021 0.3649±0.0034
˙

x3
p

¸

0.2305 0.0026 0.0021 0.0015 0.2396±0.0023
˙

x4
p

¸

0.1560 0.0020 0.0015 0.0011 0.1630±0.0051
˙

x5
p

¸

0.1090 0.0015 0.0012 0.0009 0.1151±0.0020
˙

x6
p

¸

0.0783 0.0012 0.0010 0.0008 0.0851±0.0023

tween different heavy hadrons, and the higher moments
of the distribution are of theoretical interest. In Table II
we list values of the first six moments of the xp distri-
bution, calculated by summing over bins. They are con-
sistent with previous measurements from Belle [2]; all
are 1–2 standard deviations lower, but the moments are
strongly correlated with each other. The 〈xp〉 value of
0.574±0.009 is consistent with those measured [2] for D0

and D+ mesons, and about 5% lower than those for D∗0

and D∗+ mesons.

B. Tests of c-Quark Fragmentation Models

Testing models of heavy-quark fragmentation can be
problematic since the predictions are usually functions
of a variable z that is not accessible experimentally,
such as z1 = (E + p‖)H/(E + p‖)Q, z2 = p‖H

/p‖Q
or

z3 = pH/pHmax(pQ), where p‖ represents a momentum
projection on the flight direction of the heavy quark be-
fore it hadronizes. Monte Carlo event generators use sim-
ilar internal variables, and in some cases can be made
to produce events according to a given input function
f(z, β), where β represents the set of model parameters.
In this way one can test the large-scale features of any
model, although the detailed structure may not be repro-
duced exactly.

We consider the perturbative QCD calculations of
Collins & Spiller (CS) [5] and Braaten et al. (BCFY) [7],
as well as the phenomenological models of Kartvelishvili
et al. for mesons (KLP-M) [9] and baryons (KLP-B) [13],
Bowler [10], Peterson et al. [11], the Lund group [12], the
UCLA group [14] and the HERWIG group [32]. The lat-
ter two include heavy quark fragmentation within their
own generators, and the other seven predict the func-
tional forms listed in Table III. We implement each of
these functions f(z, β) within the JETSET generator.
JETSET uses z1 as its internal variable, but z2 and z3

are very similar at high xp where we are most sensitive
to the shape. All distributions are affected by JETSET’s
simulation of hard and soft gluon radiation.
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FIG. 5: Efficiency corrected momentum distributions for the charmed hadrons produced in

e+e−-annihilation events, i.e. from fragmentation of charm quarks. The order of the particles is

the same as in Fig. 1. For xP > 0.5, the on-resonance and continuum data have been combined

by a weighted average. The inner error bars show the statistical, the outer error bars the total

uncertainties.
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10 and 90 GeV energies was in the final evolution scale, one can state that factorization

relation is valid in this energy range.

For the Λc production at 91.2 GeV energy the same evolution in the perturbative com-

ponent is used. The non-perturbative effects are described by the expression (30). Unfortu-

nately there is no experimental data on the Λc production at Z-boson peak. Our prediction

for the Λc momentum distribution is presented in Fig. 10.

A considerable part of D’s is produced indirectly through D∗ decays. The simple spin-

state counting estimation (2J + 1) leads to the factor 3 enchantment for D∗ production.

The experimental value obtained at Z-boson peak amounts to only 1.4 [30]. We will use

experimental value and assume that D∗+, D∗−, D∗0 and D̄∗0 [33] are produced with equal

probabilities.

Following the approach of [29] we assume that the D meson non-perturbative fragmenta-

tion function is the sum of a direct component, which is isospin invariant plus the component

Извлечение непертурбативных ФФ

to 2 = 20 = mC

From 2 = s0.5/2 (s = 10.58 ГэВ)
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data — 20. Thus to take 20 bins for the non-perturbative function required seems to be a

reasonable choice.

Fit to the experimental data in the N -space can be performed as well as in the x-space.

The ci coefficients obtained by both techniques are in a good agreement. There are 4 data-

sets for D∗ production at Υ(4S) energies. Two of them presented by BELLE and two by

CLEO, they regard to the D∗+ and D∗0 production. The non-perturbative fragmentation

functions extracted from them are plotted in Fig. 1. As we assume that there is no difference

between the D∗+ and D∗0 fragmentation these functions can be averaged to get the D∗ non-

perturbative fragmentation function plotted in Fig. 2. The weights in this average were

selected proportional to the statistics gathered for each data-set.

The same procedure was carried out for the ΛC-baryon production at BABAR and

BELLE. The corresponding plots for the non-perturbative fragmentation functions are pre-

sented in Fig. 3 and 4.

The mesonic and baryonic fragmentation functions obtained in such way do not reveal

significantly different behaviour at z <∼ 0.5 (Fig. 5). Furthermore, best fits by c·x−α function

in the x < 0.5 region for both cases result in close values of α. These values being equal to

−3.7 and −3.8 are in a pretty good agreement with the previously mentioned predictions

for αc. What concerns the z → 1 behaviour, the difference in it is in agreement with the

Gribov-Lipatov “reciprocity” relation.

For further phenomenological analysis it is convenient to find some simple expression

approximating the numeric data obtained:

D̂D∗

c (z) = 20.1z3.7(1− z) + 2.77 103z13(1− z)7, (29)

Извлечение непертурбативных ФФ
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D̂Λc
c (z) = 72.9z3.7(1− z)5 + 2.93 104z10(1− z)5 + 103z10(1− z)3. (30)

Each of them has the same z → 0 and z → 1 asymptotes as the corresponding KLP function.

IV. CHARMED HADRON PRODUCTION IN ANNIHILATION PROCESSES

According to the formula (5) moments of the momentum spectrum of the particles pro-

duced are equal to the product of moments of the differential partonic cross-section (18) and

moments of the corresponding non-perturbative fragmentation function. To return to the x

variable the inverse Mellin-transform should be performed by integrating over the vertical

line in a complex plane:

dσH

dx
(x,

√
s) =

∫ γ+i∞

γ−i∞

dN

2πi
x−NσH(N,

√
s). (31)

As in a fixed-order calculation the Landau pole does not appear it is possible to use any pos-

itive value of γ. Coincident results obtained at different values of γ prove the independence

on its value.

Non-perturbative functions (29) and (30) allow to reproduce the experimental data from

B-factories with good precision, see Fig. 6, 7 and 8.

Evolution to the scale
√
s/2 = 45.6 GeV and non-perturbative expression (29) are used

to obtain the momentum distribution of D∗-mesons at the Z-boson peak. The predicted

spectrum together with the ALEPH and OPAL data is presented in Fig. 9. These distribu-

tions coincide with the reasonable precision. As the only difference in calculations for the
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10 and 90 GeV energies was in the final evolution scale, one can state that factorization

relation is valid in this energy range.

For the Λc production at 91.2 GeV energy the same evolution in the perturbative com-

ponent is used. The non-perturbative effects are described by the expression (30). Unfortu-

nately there is no experimental data on the Λc production at Z-boson peak. Our prediction

for the Λc momentum distribution is presented in Fig. 10.

A considerable part of D’s is produced indirectly through D∗ decays. The simple spin-

state counting estimation (2J + 1) leads to the factor 3 enchantment for D∗ production.

The experimental value obtained at Z-boson peak amounts to only 1.4 [30]. We will use

experimental value and assume that D∗+, D∗−, D∗0 and D̄∗0 [33] are produced with equal

probabilities.

Following the approach of [29] we assume that the D meson non-perturbative fragmenta-

tion function is the sum of a direct component, which is isospin invariant plus the component
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10 and 90 GeV energies was in the final evolution scale, one can state that factorization

relation is valid in this energy range.

For the Λc production at 91.2 GeV energy the same evolution in the perturbative com-

ponent is used. The non-perturbative effects are described by the expression (30). Unfortu-

nately there is no experimental data on the Λc production at Z-boson peak. Our prediction

for the Λc momentum distribution is presented in Fig. 10.

A considerable part of D’s is produced indirectly through D∗ decays. The simple spin-

state counting estimation (2J + 1) leads to the factor 3 enchantment for D∗ production.

The experimental value obtained at Z-boson peak amounts to only 1.4 [30]. We will use

experimental value and assume that D∗+, D∗−, D∗0 and D̄∗0 [33] are produced with equal

probabilities.

Following the approach of [29] we assume that the D meson non-perturbative fragmenta-

tion function is the sum of a direct component, which is isospin invariant plus the component

D* – BELLE, 
CLEO

0C – BaBar, 
CLEO
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arising from the D∗ decay.

The decay D∗ → Dπ takes place very close to the threshold. The momentum ofD-meson

in the D∗-meson rest system

p′ =

√√√√
(
m2

D∗ +m2
D −m2

π

2mD∗

)2

−m2
D = 16 (32)

is sufficiently small to be neglected. Thus D has the same velocity as the D∗, and their

momenta are thus proportional to their masses. So the component of the D-meson fragmen-

tation function arising from D∗ → Dπ decay is given by

D̃Dπ(z) = DD∗

c

(
z
mD∗

mD

)
θ
(
1− z

mD∗

mD

)
mD∗

mD
, (33)

whereDD∗

c (z) is the non-perturbative fragmentation function ofD∗-meson (29). The integral

of the expression (33) equals 1, so if should enter the D-meson fragmentation function with

the weight proportional to the D∗ → Dπ decay probability and probability of the D∗

production.

What concerns the D∗ → Dγ decay, momentum of the D in the D∗ frame is non-

negligible:

p′ =
m2

D∗ −m2
D

2mD∗

= 135 . (34)

The D momentum in the laboratory frame is given by a Lorentz boost

p = γ(p′ cos θ + βε′), (35)

where β is the velocity of the D∗-meson, γ = 1/
√
1− β2, ε′ = (m2

D∗ +m2
D)/(2mD∗) —

energy of the D-meson in the D∗ rest frame and θ — its decay angle with respect to the
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Рождение D-мезонов

✤ Рапад D*→D3 происходит очень близко к порогу, поэтому полагаем:

✤ Для распада D*→D4:

✤  
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D∗ direction. Denoting momentum and energy of the D∗ in laboratory frame by p∗ and ε∗

respectively one obtains

γ =
ε∗

mD∗

, β =
p∗

γmD∗

. (36)

Introducing variables

z =
p

pDmax

≡
p

√
s/4−m2

D

,

z∗ =
p∗

pD∗

max

≡
p∗

√
s/4−m2

D∗

, (37)

contribution of the D∗ → Dγ decay to the D production can be written down as

D̃Dγ(z) =
∫ 1

0
dz∗

∫ 1

−1

d cos θ

2
DD∗

c (z∗) δ

(

z − γ
p′ cos θ + βε′

pmax

)

. (38)

As in the previous case the integral of this expression is normalized to unity.

The branching ratios involved are [31]:

BrD∗+→D0π+ = 67.7± 0.5,%

BrD∗+→D+π0 = 30.7± 0.5,%

BrD∗+→D+γ = 1.6± 0.4,% (39)

BrD∗0→D0π0 = 61.9± 2.9,%

BrD∗0→D0γ = 38.1± 2.9.%

Finally non-perturbative fragmentation functions of D-mesons can be written down as

follows:

D̃D+

c (z) = nD+

(DD
c (z) + c

[
BrD∗+→D+γD̃

Dγ(z)+

+ BrD∗+→D+π0D̃Dπ(z)
]
) (40)

and

D̃D0

c (z) = nD0

(DD
c (z) + c

[
BrD∗0→D0γD̃

Dγ(z)+

+ (BrD∗+→D0π+ +BrD∗0→D0π0)D̃Dπ(z)
]
), (41)

where c = 1.4 — ratio of probabilities to fragment into D∗ and D-mesons, coefficients nD+

and nD0

provide normalization of fragmentation functions to unity:

nD+

= (1 + c(BrD∗+→D+γ +BrD∗+→D+π0))−1,

nD0

= (1 + c(BrD∗0→D0γ +BrD∗+→D0π+ +BrD∗0→D0π0))−1. (42)
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pmax

)

. (38)

As in the previous case the integral of this expression is normalized to unity.

The branching ratios involved are [31]:

BrD∗+→D0π+ = 67.7± 0.5,%

BrD∗+→D+π0 = 30.7± 0.5,%

BrD∗+→D+γ = 1.6± 0.4,% (39)

BrD∗0→D0π0 = 61.9± 2.9,%

BrD∗0→D0γ = 38.1± 2.9.%

Finally non-perturbative fragmentation functions of D-mesons can be written down as

follows:

D̃D+

c (z) = nD+

(DD
c (z) + c

[
BrD∗+→D+γD̃

Dγ(z)+

+ BrD∗+→D+π0D̃Dπ(z)
]
) (40)

and

D̃D0

c (z) = nD0

(DD
c (z) + c

[
BrD∗0→D0γD̃

Dγ(z)+

+ (BrD∗+→D0π+ +BrD∗0→D0π0)D̃Dπ(z)
]
), (41)

where c = 1.4 — ratio of probabilities to fragment into D∗ and D-mesons, coefficients nD+

and nD0

provide normalization of fragmentation functions to unity:

nD+

= (1 + c(BrD∗+→D+γ +BrD∗+→D+π0))−1,

nD0

= (1 + c(BrD∗0→D0γ +BrD∗+→D0π+ +BrD∗0→D0π0))−1. (42)

14

D∗ direction. Denoting momentum and energy of the D∗ in laboratory frame by p∗ and ε∗

respectively one obtains

γ =
ε∗

mD∗

, β =
p∗

γmD∗

. (36)
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z =
p

pDmax

≡
p

√
s/4−m2

D
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z∗ =
p∗

pD∗

max

≡
p∗

√
s/4−m2

D∗

, (37)

contribution of the D∗ → Dγ decay to the D production can be written down as
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DD∗

c (z∗) δ

(

z − γ
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pmax

)

. (38)
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[
BrD∗+→D+γD̃

Dγ(z)+

+ BrD∗+→D+π0D̃Dπ(z)
]
) (40)
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In order to obtain momentum spectra of D-mesons expression (31) is used. The result

for D+-mesons is presented in Fig. 11, for D0-mesons — in Fig. 12. Both distributions are

in a good agreement with experimental data. The D0 spectrum is slightly softer then the

D+ one because of the larger probability of the D∗ → D0X decay.

V. CHARMED HADRON PRODUCTION IN B-MESON DECAYS

Let us now consider charmed particles production in the b-quark decays. The energy of

10.58 GeV corresponds to the Υ(4S) resonance which decays into a BB̄-pair with almost

unitary probability. B-mesons from such decays are nearly at rest as their mass mB =

5.28 GeV "
√
s/2. Neglecting b-quark motion within the meson the c-quark spectrum from

B decay can be easily found. The charmed hadron spectrum can then be written down as

dσH

dx
(x) =

∫ 1

x

dz

z

(
dσb→c

dz
(z)

)

Dnp
c

(
x

z

)
, (43)

where dσb→c/dz is the c-quark spectrum obtained by analysis of weak decays b → c + lνl,

b → c + qq̄, b → c+ c̄s and b̄ → c̄+ cs̄.

We neglect here any perturbative fragmentation function as at such low energy it should

not sufficiently differ from the δ-function. The non-perturbative component ofD∗ production

is described by the expression (29).

In experimental data value x = 1 corresponds to the largest possible momentum of the

D∗-meson prodused at 10.58 GeV energy:

pD
∗

max =
√
s/4−m2

D∗ = 4.88 GeV (44)

5 = 1.4
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FRAGMENTATIONAL PRODUCTION OF CHARMED HADRONS
IN e+e−e+e−e+e− ANNIHILATION

A. A. Novoselov

The processes of D(∗)-meson and Λc-baryon production in e+e− annihilation at 10.58- and 91.18-GeV
energies are considered. At the 10.58-GeV energy the production of charmed particles via the B-meson
decays is also considered. Scaling violation in the fragmentation functions is calculated at NLL accuracy.
Nonperturbative fragmentation functions are retrieved from the experimental data of B factories and are
approximated by simple analytic expressions. It is proved that the difference between nonperturbative
fragmentation functions of mesons and baryons can be easily explained by quark counting.
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In order to obtain momentum spectra of D-mesons expression (31) is used. The result

for D+-mesons is presented in Fig. 11, for D0-mesons — in Fig. 12. Both distributions are

in a good agreement with experimental data. The D0 spectrum is slightly softer then the

D+ one because of the larger probability of the D∗ → D0X decay.

V. CHARMED HADRON PRODUCTION IN B-MESON DECAYS

Let us now consider charmed particles production in the b-quark decays. The energy of

10.58 GeV corresponds to the Υ(4S) resonance which decays into a BB̄-pair with almost

unitary probability. B-mesons from such decays are nearly at rest as their mass mB =

5.28 GeV "
√
s/2. Neglecting b-quark motion within the meson the c-quark spectrum from

B decay can be easily found. The charmed hadron spectrum can then be written down as

dσH

dx
(x) =

∫ 1

x

dz

z

(
dσb→c

dz
(z)

)

Dnp
c

(
x

z

)
, (43)

where dσb→c/dz is the c-quark spectrum obtained by analysis of weak decays b → c + lνl,

b → c + qq̄, b → c+ c̄s and b̄ → c̄+ cs̄.

We neglect here any perturbative fragmentation function as at such low energy it should

not sufficiently differ from the δ-function. The non-perturbative component ofD∗ production

is described by the expression (29).

In experimental data value x = 1 corresponds to the largest possible momentum of the

D∗-meson prodused at 10.58 GeV energy:

pD
∗

max =
√
s/4−m2

D∗ = 4.88 GeV (44)
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while the largest possible momentum of the D∗-meson from the B decay is equal to the

largest c-quark momentum

pcmax =

√√√√(m2
b +m2

c)2

4m2
b

−m2
c = 2.24 GeV. (45)

This value actually coincides with those calculated via the hadron (not parton) masses:

pB→D∗

max =

√√√√(m2
B +m2

D)2

4m2
B

−m2
D = 2.26 GeV. (46)

Thus the momentum distribution of D-mesons from the B decays is located in the region

x < pcmax/p
D∗

max = 0.46. The distribution concerned and the experimental data are plotted in

Fig. 13. In this only plot the normalization of the experimental data was changed for points

in the low x region to be in agreement with the predictions. In the high x region there is

some extra contribution not predicted by the fragmentation model. We suppose that this

contribution arises from the interaction of the charm quark with the light valent quark from

the B-meson. As this quark has larger momentum then a sea quark the process concerned

contributes to the high x region. We assume that the momentum distribution of D∗-mesons

produced in this process coincides with the c-quark distribution. This assumption allows to

obtain better agreement with the experimental data (Fig. 14).

Let us now proceed to the ΛC-baryon production. To obtain ΛC-baryon momentum

distribution one should convolute c-quark spectrum with the non-perturbative fragmentation

function (30). The largest possible momentum of the ΛC-baryon prodused at 10.58 GeV

energy is equal

pΛc
max =

√
s/4−m2

Λc
= 4.76 . (47)
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When finding largest ΛC-baryon momentum from the B decay it is important to mention

that baryon production is always accompanied by the any-baryon emergence. The lightest

of them is anti-proton. Thus the largest possible ΛC-baryon momentum equals to

pB→Λc
max =

√√√√(m2
B +m2

Λc
−m2

p)
2

4m2
B

−m2
Λc

= 2.02 . (48)

This value differs significantly from the pcmax.

Thereby the distribution sought for occupies the region x < pB→Λc
max /pΛc

max = 0.42. It

reasonably coincides with the experimental data (Fig. 15). As opposite to the meson

production valent quark from the B-meson does not change the prediction of fragmentation

approach in case of baryon production.

VI. CONCLUSION

In this article charmed hadron production in the vast range of energies was concerned.

During this the energy dependence was only in the perturbative component of fragmentation

function, for which the NLO-expression was used. Good agreement with the experimental

data points to the fulfilment of the factorization assumption in this energy range.

It is important to mention that non-perturbative fragmentation functions were one and

the same for all energies except D∗-mesons production in B decays. The origin of this

discrepancy is found out. It means that separation of non-perturbative phenomena was

carried out correctly. Indeed the perturbative part is relevant for charmed quark production

only, the non-perturbative — only for its transaction to the final particle.
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Рекомбинация со спектатором

✤ B– consists of b and u-bar quarks

✤ c u-bar = D(*)0, thus its production is enhanced:

✤ For D(*)+ recombination is not possible

✤ A = 1.5
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Для D(∗)0-мезонов запишем ее как

Dnp
D0(z) =

1

2
(1− A)

Γ(α + 3)

Γ(α + 1)
zα(1− z) + Aδ(1− z), (3)

где первое слагаемое является стандартной функцией КЛП, а второе отвечает за вклад

рекомбинации. При рождении D(∗)+-мезонов рекомбинация невозможна и

Dnp
D+(z) =

1

2
(1− A)

Γ(α + 3)

Γ(α + 1)
zα(1− z). (4)

Заметно, что при такой модификации меняется не только форма но и нормиров-

ка фрагментационных функций. Однако сумма норм функций фрагментации в D(∗)+

и D(∗)0-мезоны логичным образом не изменяется. Возможно также рождение D(∗)− и

D̄(∗)0 мезонов, содержащих c̄-кварк. Рекомбинация при этом невозможна и для них ис-

пользуется функция фрагментации (3) с A = 0.

Очарованный кварк фрагментирует в D∗ с большей вероятностью, чем в D. Отноше-

ние вероятностей обозначено C и подобрано для наилучшего описания эксперименталь-

ных данных. Распады D∗ → D+π и D∗ → D+γ происходят с известными брэнчингами

и рассмотрены подробно в [5].

С учетом всего вышесказанного парциальные ширины рассматриваемых распадов
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Charm production in B decays

4

Таблица 1. Парциальные ширины распадов B → DX. Экспериментальные значения из [1].

BrB−→D0+X 77.0 78.6± 1.6± 2.7+2.0
−1.9

BrB−→D++X 9.4 9.9± 0.8± 0.5+0.8
−0.7

BrB−→D̄0+X 7.8 8.6± 0.6± 0.3+0.2
−0.2

BrB−→D−+X 2.9 2.5± 0.5± 0.1+0.2
−0.2

BrB̄0→D0+X 48.6 47.4± 2.0± 1.5+1.3
−1.2

BrB̄0→D++X 37.8 36.9± 1.6± 1.4+2.6
−2.3

BrB̄0→D̄0+X 7.8 8.1± 1.4± 0.5+0.2
−0.2

BrB̄0→D−+X 2.9 2.3± 1.1± 0.3+0.2
−0.1

записываются как:

BrB−→D0+X =
Γtot
B→D+X

ΓC + ΓC̄

1

2
((1 + A)(1 + CBrD∗0→D0) + (1− A)CBrD∗+→D0))

BrB−→D++X =
Γtot
B→D+X

ΓC + ΓC̄

1

2
((1− A)(1 + CBrD∗+→D+))

BrB−→D̄0+X = BrB̄0→D̄0 =
Γtot
B→D+X

ΓC + ΓC̄

ΓC̄

ΓC

1

2
((1 + C(BrD̄∗0→D̄0 +BrD∗−→D̄0)))

BrB−→D−+X = BrB̄0→D− =
Γtot
B→D+X

ΓC + ΓC̄

ΓC̄

ΓC

1

2
((1 + CBrD∗−→D̄−))

BrB̄0→D̄0+X =
Γtot
B→D+X

ΓC + ΓC̄

1

2
((1 + C(BrD̄∗0→D̄0 +BrD∗−→D̄0)))

BrB̄0→D++X =
Γtot
B→D+X

ΓC + ΓC̄

1

2
((1 + A)(1 + CBrD∗+→D+)) , (5)

где Γtot
B→D+X — полная ширина распада B во все типы D-мезонов.

Наилучшее согласие с экспериментальными данными обнаружилось при A = 1.5 и

C = 2. Это значение находится между теоретической оценкой по числу спиновых состо-

яний (C = 3) и значением C = 1.4, измеренным экспериментально в распадах Z-бозона

[3]. Численные результаты в сравнении с экспериментальными данными приведены в

таблице 1. Все найденные парциальные ширины согласуются с экспериментальными

значениями в пределах ошибок. Многие из экспериментальных неопределенностей со-

кращаются, если рассмотреть отношение выхода анти-корректированных по чарму ча-

стиц каждого типа к полному выходу частиц этого типа. Эти отношения приведены в

таблице 2 и тоже не противоречат экспериментально измеренным.

Помимо парциальных ширин на основе тех же соображений можно получить и им-
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((1 + A)(1 + CBrD∗0→D0) + (1− A)CBrD∗+→D0))

BrB−→D++X =
Γtot
B→D+X

ΓC + ΓC̄

1

2
((1− A)(1 + CBrD∗+→D+))

BrB−→D̄0+X = BrB̄0→D̄0 =
Γtot
B→D+X

ΓC + ΓC̄

ΓC̄

ΓC

1

2
((1 + C(BrD̄∗0→D̄0 +BrD∗−→D̄0)))

BrB−→D−+X = BrB̄0→D− =
Γtot
B→D+X

ΓC + ΓC̄

ΓC̄

ΓC

1

2
((1 + CBrD∗−→D̄−))

BrB̄0→D̄0+X =
Γtot
B→D+X

ΓC + ΓC̄

1

2
((1 + C(BrD̄∗0→D̄0 +BrD∗−→D̄0)))

BrB̄0→D++X =
Γtot
B→D+X

ΓC + ΓC̄

1

2
((1 + A)(1 + CBrD∗+→D+)) , (5)

где Γtot
B→D+X — полная ширина распада B во все типы D-мезонов.

Наилучшее согласие с экспериментальными данными обнаружилось при A = 1.5 и

C = 2. Это значение находится между теоретической оценкой по числу спиновых состо-

яний (C = 3) и значением C = 1.4, измеренным экспериментально в распадах Z-бозона

[3]. Численные результаты в сравнении с экспериментальными данными приведены в

таблице 1. Все найденные парциальные ширины согласуются с экспериментальными

значениями в пределах ошибок. Многие из экспериментальных неопределенностей со-

кращаются, если рассмотреть отношение выхода анти-корректированных по чарму ча-

стиц каждого типа к полному выходу частиц этого типа. Эти отношения приведены в

таблице 2 и тоже не противоречат экспериментально измеренным.

Помимо парциальных ширин на основе тех же соображений можно получить и им-
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Таблица 1. Парциальные ширины распадов B → DX. Экспериментальные значения из [1].
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где Γtot
B→D+X — полная ширина распада B во все типы D-мезонов.

Наилучшее согласие с экспериментальными данными обнаружилось при A = 1.5 и

C = 2. Это значение находится между теоретической оценкой по числу спиновых состо-

яний (C = 3) и значением C = 1.4, измеренным экспериментально в распадах Z-бозона

[3]. Численные результаты в сравнении с экспериментальными данными приведены в

таблице 1. Все найденные парциальные ширины согласуются с экспериментальными

значениями в пределах ошибок. Многие из экспериментальных неопределенностей со-

кращаются, если рассмотреть отношение выхода анти-корректированных по чарму ча-

стиц каждого типа к полному выходу частиц этого типа. Эти отношения приведены в

таблице 2 и тоже не противоречат экспериментально измеренным.

Помимо парциальных ширин на основе тех же соображений можно получить и им-

5

Таблица 2. Доля анти-корректированных по чарму распадов B-мезонов в сравнении с данными

коллаборации BABAR [1].

BrB−→D̄0+X/BrB−→D0+X 0.092 0.098± 0.007± 0.001

BrB−→D−+X/BrB−→D++X 0.237 0.204± 0.035± 0.001

BrB̄0→D̄0+X/BrB̄0→D0+X 0.138 0.146± 0.022± 0.006

BrB̄0→D−+X/BrB̄0→D++X 0.072 0.058± 0.028± 0.006

пульсные спектры различныхD-мезонов в системе покояB. Они приведены на рисунках

2 и 3.

Автор признателен А.К. Лиходеду за ценные рекомендации и плодотворные обсуж-

дения. Работа выполнена при финансовой поддержке РФФИ (грант №10-02-00061-a), и

грантов Президента Российской Федерации для поддержки молодых российских уче-

ных МК-140.2009.2 и МК-406.2010.2.
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ex/0606026].
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✤ Data by BABAR collaboration

Channel       Th            Exp         

Br. ratio                   Th          Exp         
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Результаты

✤ Проверена гипотеза факторизации при энергиях от  
10 до 90 ГэВ. Показано, что возможно использование 
универсальной непертурбативной ФФ.

✤ Свойства этой непертурбативной ФФ находятся в 
согласии с предположениями КЛП, а параметр 1c 
согласуется с найденным в других подходах.

✤ На энергии 5.2 ГэВ(=mB) фрагментационный подход 
перестает работать, при этом существенен вклад от 
рекомбинации с валентным кварком из B-мезона.
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Результаты

✤ Приведенные результаты опубликованы в статье 
А. А. Новоселов, Фрагментационное рождение очарованных 
адронов в e+e–-аннигиляции, Ядерная Физика, том 73, №10, 2010 

✤ Препринтах 
arXiv:1007.0846 (A study of charm hadron production in e^+e^- annihilation)
arXiv:1012.5753 (Charmed quark fragmentation in B-mesons decays)

✤ Доложены
16-й Международный Семинар по Физике Высоких Энергий КВАРКИ'2010, 
Коломна, 6 - 12 июня, 2010 – “A study of charm hadron production in e+e–-
annihilation”
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Образование двух     -пар 
в условиях LHC(b)

cc̄
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Motivation

Heavy quarkonium production is not yet well understood
! First attempt to explain prompt J/ψ production at Tevatron on the

Color-Singlet (CS) model basis led to ∼order of magnitude discrepancy
! Color-Octet (CO) model allowed to improve the prediction and lead to

the prediction that J/ψ are transversely-polarized
! Subsequent experimental studies didn’t confirm transverse polarization
! Large NLO-corrections gave strong enhancement to the CSM

contribution and allowed the longitudinal polarization of J/ψ.
! Additional studies are needed to clarify the interplay between CS and

CO models

Pair production of heavy quarkonia can clarify this problem as it
depends heavily on the production mechanism involved

Different quarkonia pairs in the final state are accessible

Search of resonances in different quarkonia-pair channels, including
exotic 4-heavy-quark states

Alexey Novoselov (IHEP & MIPT) Quarkonia pairs and heavy tetraquarks ITEP, 21.11.2011 3 / 29
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Production models

According to the NRQCD factorization the production of heavy
quarkonium factorizes into two steps:

! Heavy quark-antiquark pair is created perturbatively at short distances
! This pair non-perturbatively evolves into the quarkonium at long

distances

〈OH
n (2s+1LJ)〉 matrix elements describe the probability of

heavy-quark-antiquark pair with certain quantum numbers to evolve
into a heavy quarkonium H.
Here n = 1 stands for CS and n = 8 — for CO matrix elements.

The crucial feature of the CS approach is presence of so-called color
selection rules which are well-known in quarkonia decays.

CO model implies a two-step process:
1 The color-octet state (cc̄)8 is produced
2 The (cc̄)8 state radiates a gluon and becomes colorless (cc̄)1 (this

process is not formalized)

Alexey Novoselov (IHEP & MIPT) Quarkonia pairs and heavy tetraquarks ITEP, 21.11.2011 4 / 2934Tuesday, May 29, 12



Color selection rules for CSM

Quarkonia couplings to gluons:
! 2 gluons in a color-singlet (δab) combination are C-even. Thus C-odd

states, i.e. J/ψ and hc , do not couple with 2 gluons
! 3 gluons in a color-singlet (f abc) combination are C-odd.
α3
s order process, 3-particle phase space → narrow J/ψ and hc .

c

c̄

g

g

c

c̄

g

g

g

Γ(n1S0 → gg) = 8
3πα

2
S
|Ψ(0)|2

m2
C

(1 + ...) ∼ 26MeV

Γ(n3S1 → ggg) = 40
81 (π

2 − 9)α3
S
|Ψ(0)|2

m2
C

(1 + ...) ∼ 80keV

Landau-Yang’s theorem forbids J = 1 states to couple with 2 real
massless vectors (i.e. gg , γγ). This leads to narrow width of χc1.
Suppression goes off for virtual gluons and at NLO.
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Selection rules for double quarkonia

The C-parity conservation forbids ψχc and ψηc exclusive production

ψ

χc

ψ

ηc

1−−

J++

1−−

0−+

There are 36 Feynman diagrams of 2 types:

Type 1
31x

J/ψ

J/ψ

Υ

Υ

χc

χc

ηc

ηc

χc

ηc

Type 2
5x

J/ψ

J/ψ

Υ

Υ

χc

χc

ηc

ηc

χc

ηc
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Color-octet mechanism

Produce whatever quarkonium you want in whatever combination in
whatever diagram

J/ψ,χ, η,Υ...

J/ψ,χ, η,Υ...

Type 1 (∼ 1/p̂8T ) Type 2 (∼ 1/p̂6T ) Type 3 (∼ 1/p̂4T )

Small (∼ 10−2..−3) color-octet contribution to the quarkonia wave
function

But dominates
1 In high-pT region, especially because of gluon fragmentation (type 3)

which has dσ̂
dp̂2

T

∼ 1/p̂4T
2 For final states disallowed in the CS mechanism.
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Other source of quarkonia pairs - DPS mechanism

σABDPS =
i

2

∑
i,j,k,l

∫
Γij (x1, x2, b1, b2,Q

2
1 ,Q

2
2 )× σ̂Aik (x1, x

′

1 ,Q
2
1 )σ̂

B
jl (x2, x

′

2,Q
2
2 )

× Γkl (x
′

1 , x
′

2, b1 − b, b2 − b,Q2
1 ,Q

2
2 )× dx1dx2dx

′

1dx
′

2d
2b1d

2b2d
2b

Calculations now base on many assumptions and simplifications (no
partonic correlations, universality of σeff ). Lead to a simple expression

σABDPS =
i

2

σAσB
σeff

,σeff = 14.5mb

1 C. H. Kom, A. Kulesza and W. J. Stirling, “Pair production of J/psi as a probe of
double parton scattering at LHCb,” arXiv:1105.4186 [hep-ph].

2 A. Novoselov,“Double parton scattering as a source of quarkonia pairs in LHCb,”
arXiv:1106.2184 [hep-ph].

3 S. P. Baranov, A. M. Snigirev and N. P. Zotov, “Double heavy meson production
through double parton scattering in hadronic collisions,” arXiv:1105.6276 [hep-ph].

Recent work considering parton correlations: B. Blok, Yu. Dokshitzer,
L. Frankfurt and M. Strikman, “The Four jet production at LHC and Tevatron in QCD,”
Phys. Rev. D 83, 071501 (2011) [arXiv:1009.2714 [hep-ph]].
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DPS � �eff measurements

                    Experimental results on eff

from Atlas talk
at MPI workshop,
DESY, 2011

Very first measurement
(pp, 4 jets, 1986)

=> No clear energy dependence so far...
=> More measurements are needed!

13

from ATLAS talk, MPI workshop, DESY, 2011
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SPS vs. DPS
There are no LO diagrams contributing CS J/ ⌥ production:

c

¯b

c̄

b

This leads to “unnatural” ordering of the cross section values:

�J J 
SPS > �⌥⌥

SPS > �J/ ⌥
SPS

For DPS an “expected” ordering take place:

�J J 
DPS > �J/ ⌥

DPS > �⌥⌥
DPS

Numerical values for the quantities involved are predicted:

�J J 
SPS

= 4nb �⌥⌥
SPS

= 10pb �J/ ⌥
SPS (8C) = 3pb

�J J 
DPS

= 4nb �⌥⌥
DPS

= 1pb �J/ ⌥
DPS

= 100pb

All these values are for LHCb acceptance.
Color-octet J/ ⌥ prediction from arXiv:1007.3095 [hep-ph]
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Calculations for the 
LHC(b)
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Calculation in CS, LO

4x
4x

4x8x

8x 2x
1x

⇒ amplitude at each point of phase space to be used in polarization
studies (see Berezhnoy et al. Phys.Rev. D57 4385 (1998))

⇒ d σ̂/dt̂ to be used in MC generators.
A. V. Berezhnoy, A. K. Likhoded, A. V. Luchinsky and A. A. Novoselov, Phys. Rev. D84,
094023 (2011)
V. G. Kartvelishvili, S. .M. Esakiya, Sov.J.Nucl.Phys. 38, 430-432 (1983).
B. Humpert, P. Mery, Z. Phys. C20, 83 (1983).
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Analytical part of calculation - Polarization

Solid, dashed, dotted and dot-dashed curves correspond to total cross
section and TT , TL and LL polarizations respectively.
Angular distribution is presented at

√
ŝ = 10GeV

6 8 10 12 14 16 18 20

-210

-110

1

10

σ(gg → 2J/ψ)

√
sgg
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Analytical part of calculation - Matrix element squared

|M |2 =
8π4α4

sψ(0)
4

81m2s6 (m2 − t)4 (m2 − u)4
(

335s12 + 274s11(t + u)+

+ s10
(

−3393t2 + 6782tu − 3393u2
)

+

+ s9
(

−7124t3 + 7204t2u + 7204tu2 − 7124u3
)

+

+ s8
(

3290t4 − 24440t3u + 42684t2u2 − 24440tu3 + 3290u4
)

+

+ 4s7(t − u)2
(

5459t3 − 4631t2u − 4631tu2 + 5459u3
)

+

+ 2s6(t − u)2
(

7771t4 − 1016t3u − 13126t2u2 − 1016tu3 + 7771u4
)

−
− 16s5(t − u)4

(

778t3 − 821t2u − 821tu2 + 778u3
)

−
− s4(t − u)4

(

20405t4 − 18628t3u − 3938t2u2 − 18628tu3 + 20405u4
)

−
− 2s3(t − u)6

(

2647t3 − 1375t2u − 1375tu2 + 2647u3
)

+

+ 21s2(t − u)8
(

223t2 + 398tu + 223u2
)

+

+ 3780s(t − u)10(t + u) + 972(t − u)12
)
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Partonic cross section

σ̂(ŝ) =
512π3ψ(0)4α4

s

1215m4 ŝ7



(5ŝ4 + 874m2 ŝ3 + 13368m4 ŝ2 + 36594m6 ŝ + 90m8)ŝ

√

1−

4m2

ŝ
+

+ 30m4(6m6 + 70m4 ŝ − 1025m2 ŝ2 − 134ŝ3) log
1 +

√

1−

4m2

ŝ

1−

√

1−

4m2

ŝ







100 150 200 250 300 350 400
s , GeV2

1 ! 10" 10
2 ! 10" 10

5 ! 10" 10

1 ! 10" 9
2 ! 10" 9

5 ! 10" 9
1 ! 10" 8
2 ! 10" 8

Σ
$

ŝ and t̂ are selected non-uniformly to increase efficiency at generation
level → ∼ 7%
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Properties of the production tool

OniaPairsProduction.Ecm=7000.;
OniaPairsProduction.Psi1S1S=1.;
OniaPairsProduction.Psi1S2S=0.59;
OniaPairsProduction.Psi2S2S=0.35;

Properties like Psi1S1S (analogously Ups1S1S for Υ-mesons) allow to
turn on/off production of certain final states

! value = 0 → channel is switched off
! value > 0 → channel is switched on with the weight value

These weights are useful for generation with feeddown. When EvtGen
is forced to decay higher quarkonia states to the lower ones weight =
total branching fraction of these decays.
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Numerical computation - cross section

Pythia 6.4 MC generator was used to sample the phase space and to
convolute with the proton‘s PDFs. LO αs -evolution and CTEQ 5L LO
PDFs @ mT scale.

The predicted value for the J/ψ-pair production cross-section is
(feeddown not accounted for)

σ(J/ψJ/ψ) = 18± 6nb.

We use mc = 0.5mJ/ψ and ψJ/ψ(0) = 0.21GeV3/2

LbOniaPairs — a LHCb s/w package to generate vector S-wave
charmonia and bottomonia pairs

! Accounts for feeddown from the higher states (ψ(2S),Υ(2S , 3S))
! ”FullGenEventCut” tool is used to increase efficiency in the LHCb

acceptance
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Numerical computation - cross section

Kinematical cuts are applied not to the hard subprocess but to the
complete event. Consequently the result depend on the ISR, which
gives the pT to initial partons. This part is most model-dependent
and gives additional uncertainty to the cross section.

This effect is crucial for ATLAS, which has a pT -cut:

σcollinearATLAS (pp → 2J/ψ + X ) = 0.09nb,

σwithISRATLAS (pp → 2J/ψ + X ) = 0.06nb.

Happily as LHCb has no cut on pT, the uncertainty in σLHCB caused
by the ISR should be small:

σcollinearLHCb (pp → 2J/ψ + X ) = 3.2nb,

σwithISRLHCb (pp → 2J/ψ + X ) = 3.1nb.

The uncertainty caused by other sources is ! 30%, so

σLHCb (pp → 2J/ψ + X ) = 3.1 ± 1.0nb.
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Feeddown from ψ′

We estimate contribution of the gg → J/ψψ′ process by substituting
(m(J/ψ) +m(ψ′))/2 for 2mc in ME and using

ψψ′(r)
∣

∣

r=0
= 0.16GeV3/2 ,Br(ψ′ → J/ψ + X ) = 53%.

6 8 10 12 14
m!

2

4

6

8

10

dΣ! !dm! , nb

6 8 10 12 14
m!

2

4

6

8

10

12

dΣ!dm! , nb
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Prediction for LHCb - cross-section

Kinematical cuts select ∼16% of events. This corresponds to the

σψ
′→J/ψππ

LHCb

(

pp → J/ψψ′ + X
)

= 1.0± 0.2 nb.

Together with the direct cross section this leads to the value

σtotalLHCb (pp → 2J/ψ + X ) = 4.1 ± 1.2 nb.

The experimental value is 5.1 ± 1.1 nb (arXiv:1109.0963v1 [hep-ex])

Apart from the parameter selection (αS , mc , ψJ/ψ(0)) the difference
in cross-section values can due to the existence of other sources of
J/ψ pairs such as

! Production and decays of χc -pairs
! Resonant and non-resonant transition of (cc)(c̄ c̄) system to J/ψ-pair.
! DPS
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Prediction for LHCb - distributions

6 8 10 12 14
mJ!ΨJ!Ψ

0.5

1.0

1.5

2.0

2.5

3.0
dΣ !dmJ!ΨJ!Ψ , nb

0 2 4 6 8 10
pT

0.2

0.4

0.6

0.8

1.0

1.2

1.4
dΣ !dpT , nb

0 2 4 6 8 10
pT,J!ΨJ!Ψ

0.2

0.4

0.6

0.8

dΣ !dpT,J!ΨJ!Ψ , nb

1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
y

0.5
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Alexey Novoselov (IHEP & MIPT) Quarkonia pairs and heavy tetraquarks ITEP, 21.11.2011 15 / 2951Tuesday, May 29, 12



5
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Σ
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V

Figure 1: Distribution over the invariant mass of the J/ -meson pairs compared with the LHCb

measurement. Solid curves were obtained with mJ/ 
T as the hard scale, dashed — at 0.5 ·mJ/ 

T and

dotted — 2 · mJ/ 
T . For every scale choice upper curve corresponds to the CTEQ5L, lower — to

the CTEQ6LL pdf used.

cc̄ invariant mass:

�̂

dual(gg ! J/ ( 0)J/ ( 0)) ⇡

⇡
ZZ

2mD+�

2mc

d

2

�

�
gg ! (cc̄)S=1

1C
+ (cc̄)S=1

1C

�

dmcc̄1dmcc̄2

dmcc̄1dmcc̄2 , (3)

where mD is the D-meson mass. The c-quark mass was taken equal to

mc = 1.25 GeV.

The � parameter can be selected in such a way that the value of the pair production cross

section obtained coincides with the total production cross section of the J/ J/ , J/  0 and

 

0

 

0 final states calculated in the �-approximation. If one takes
p
ŝ/2 for the hard scale of

the subprocesses considered the correspondence is reached at � = 0.3 GeV:

�̂

dual(gg ! J/ ( 0)J/ ( 0),� = 0.3 GeV) ⇡ 4.4 nb.

At � = 0.5 GeV the cross section estimated in the duality approach is close to the value

reported by the LHCb experiment:

�

dual(gg ! J/ ( 0)J/ ( 0),� = 0.5 GeV) ⇡ 5.8 nb.

Prediction for LHCb - distributions
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mJ!ΨJ!Ψ
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Prediction for LHCb - distributions

6 8 10 12 14
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Figure 3: Distribution over the di↵erence of the azimuthal angles of the J/ -mesons produced.

Curve designations coincide with Fig. 1.

One of the proposed methods to distinguish the DPS signal from the SPS one is to

study correlations between azimuthal angles of two mesons produced or between their ra-

pidities [13, 14]. However analysis involving modelling in the Pythia generator shows that

correlations presenting in collinear approach completely go out when including transverse

momenta of the initial gluons into consideration (Fig. 3). To be more precise, depending

on the scale choice collinear or anticollinear directions of the J/ momenta can dominate.

Moreover, at the standard scale of one J/ transverse mass the relative angle correlation

is absent at all. It is the model implemented in the Pythia generator which is completely

responsible for the distribution over the transverse momenta of the initial gluons, so model-

independent prediction on the �� distribution can not be derived. Investigation of the

rapidity correlation appears to be more fruitful. In spite of narrowness of LHCb rapidity

window (2.0 < y < 4.5) it appears to be su�cient to test QCD predictions which state

that the di↵erence in rapidity between the J/ -mesons produced does not exceed 2 units

of rapidity (Fig. 4). At the current stage DPS predicts no correlations between products of

two partonic interactions at all.

Apart from the correlation studies investigation of the P -wave state contributions to

the total J/ production can be fruitful. Indeed, section rules emerging in the CS LO
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Prediction for LHCb - distributions

6 8 10 12 14
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Figure 4: Distribution over the di↵erence of rapidities of the J/ -mesons produced. Curve desig-

nations coincide with Fig. 1.

pQCD consideration [47] imply significant limitation on the final states which can appear in

the gluon fusion process. According to the C-parity conservation occurrence of the C-odd

J/ �C final state should be suppressed in the SPS. As in DPS formation of charmonia occurs

independently, it does not have any suppression in this channel. That is why DPS should

dominate in the J/ �C state production (possibly followed by the �C ! J/ � decay). It

was pointed out in the work [13] that similar situation takes place in the J/ ⌥ mode in

which SPS and DPS lead to di↵erent hierarchy of the pp ! J/ J/ , pp ! J/ ⌥ and

pp ! ⌥⌥ cross sections.

As it was noted, we have taken into account contribution of the pp ! J/  (2S) and

pp !  (2S) (2S) processes followed by the  (2S) ! J/ X decays to the total J/ pairs

yield.  (2S)-mesons originating from these processes can also be detected by a leptonic

decay, just like J/ . It is interesting to compare ratios of J/ J/ and J/  (2S) yields

predicted by SPS and DPS models.

Both in SPS and in DPS approaches ratio of di↵erent meson pair yields can be estimated
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J/ + D
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Ассоциированное рождение J/ + D

Подпроцесс gg ! J/ cc̄ рассчитывался в
1 Phys.Rev., D57:4385–4392, 1998 (A.V. Berezhnoy, V.V. Kiselev, A.K.

Likhoded, and A.I. Onishchenko),
2 Phys.Rev., D73:074021, 2006a (S.P. Baranov),
3 Phys.Lett., B653:60–66, 2007 (P. Artoisenet, J.P. Lansberg, and F.

Maltoni).

In the LHCb acceptance within SPS:

�(gg ! J/ cc̄) ⇡ 20 ÷ 60nb

�(gcsea ! J/ c) ⇡ 10 ÷ 40nb
According Jean-Philippe Lansberg estimation the contribution of gcsea ! J/ c is even
larger than gg ! J/ cc̄.

For the LHCb conditions:

�
DPS

⇡ 240nb �
SPS

= 30 ÷ 100nb �
exp

⇡ 300nb

Алексей Новоселов (ИФВЭ) Семинар ИФВЭ 17.05.2012 16 / 40
56Tuesday, May 29, 12



J/ + D

DPS предсказывает более близкое значение сечения в LHCb.
Тем не менее, распределение по поперечному импульсу J/ 
существенно отличается от измеренного в инклюзивном
рождении, что противоречит наивной модели DPS.

8 Properties of J/�C, CC, and CC events

The data samples available also allow the properties of the multiple charm events to

be studied. The transverse momentum spectra for J/� and open charm mesons in

J/�C events are presented in Fig. 11.

The transverse momentum spectra of the J/� meson in J/�C events are similar for

all species of open charm hadrons. The shape of the transverse momentum spectra of

open charm hadrons also appears to be the same for all species. The pT
J/� spectra are

harder than the corresponding spectrum of prompt J/� , while the pT
-spectra for open

charm hadrons seem to be well compatible in shape with the spectra for prompt charm

production. To allow a more quantitative comparison, each spectrum is fitted in the

region 3 < pT < 12 GeV/c with an exponential function. The results are summarized

in Table 13 and Fig. 14. They agree reasonably well within the uncertainties. The

transverse momentum spectra of charm hadrons from CC and CC events are presented in

Figs. 12 and 13. The fitted slope parameters of an exponential function are summarized

in Table 14 and Fig. 14. The pT
-slopes, though similar for CC and CC events, are

significantly di�erent from those for both single prompt charm particles and those found

in J/�C events.

The correlations in azimuthal angle and rapidity between the two charm hadrons have

also been studied by measuring the distributions of �� and �y, where �� and �y are the

di�erences in azimuthal angle and rapidity between the two hadrons. These distributions

for the charm hadrons in J/�C events are shown in Fig. 15. No significant azimuthal

correlation is observed. The �y distribution is compared to the triangular shape that is

expected if the rapidity distribution for single charm hadrons is flat and if there are no

correlations.

The azimuthal and rapidity correlations for CC and CC events are shown in Figs. 16,
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Figure 11: a) Transverse momentum spectra of J/� for J/�C and prompt J/� events. b) Trans-
verse momentum spectra for open charm hadrons for J/�C and prompt D0, D+ and D+

s events.
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J/ + D

Процесс gg ! J/ cc̄ недооценивая значение сечения отлично
описывает форму pT спектров J/ и D-мезонов.
Поскольку подпроцесс gcsea ! J/ c имеет 2 частицы в конечном
состоянии и на образующиеся D-мезоны наложено обрезание
pT > 3ГэВ, в распределении по pT J/ -мезонов ожидалась бы
особенность рядом со значением pT = 3ГэВ. Ее отсутствие
указывает на то, что gcsea ! J/ c не доминирует в
рассматриваемых условиях.
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Figure 7: Distribution over the di↵erence of the azimuthal angles of the J/ and D-meson in the

J/ +D production. Curve designations coincide with Fig. 5.

be estimated as

�

DPS

J/ D = 240 nb. (14)

As earlier, numerical value of �
e↵. = 14.5 mb [45, 46] was used. One can see that DPS

prediction is several times larger than the SPS one and within uncertainty limits agrees

with the experimental value (12).

V. FOUR D-MESON PRODUCTION IN THE LHCB DETECTOR

In the same LHCb studies [15] production of four c-quarks is investigated. Events in

which two open charm hadrons both containing c-quark (or both containing c̄-quark) are

produced in the fiducial region 2.0 < y < 4.0, 3 GeV < pT < 12 GeV were selected.

The calculation within LO of QCD in SPS approach gives for this kinematical region

cross section value of

�

pQCD(gg ! cc̄cc̄) ⇠ 50÷ 500 nb

depending on the scale selection and the c-quark hadronization model used.

There is an indication that interaction with sea c-quarks contribute essentially into this

process, as well as into the associated production of J/ and c. According to our preliminary

Prediction for LHCb - distributions
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Figure 8: Distribution over the di↵erence of rapidities of the J/ and D-meson in the J/ + D

production. Solid curve corresponds to the LHCb kinematic limits imposed, dashed — to the

absence of kinematic limits.

estimation, cross section value for the process cg ! ccc̄ (plus charge conjugate) is about

�

pQCD(cg ! ccc̄) ⇠ 200÷ 500 nb

depending on the scale selection and the c-quark hadronization model used. The c-quark

structure function has been taken in the form (11).

The interactions between two sea c-quarks can also be considered. Our estimations show

that this process can give a contribution comparable to the two processes mentioned above:

�

pQCD(cc ! cc) ⇠ 40÷ 200 nb.

Thus one can conclude that predictions obtained in the LO pQCD within SPS approach

underestimate the experimental value of about 3µb [15]. Also it is worth mentioning that

the experimental spectra shapes also can not be exactly reproduced.

Nevertheless some futures of the experimental spectra can be understood from such cal-

culations using di↵erent kinematical cuts. For example the local minimum near 6 GeV in the

experimental cross section distribution over the invariant mass mcc of two charmed particles

is probably connected with the cut on the minimum transverse momenta at the LHCb data

Prediction for LHCb - distributions
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Результаты

✤ В рамках CS модели в LO pQCD получены предсказания для 
образования пар J// мезонов и ассоциативного рождения J//+D. 
Для образования пар / мезонов написан LHCb production tool.

✤ Изучена возможность поиска корреляций между продуктами 
рассмотренных реакций с помощью детектора  LHCb.

✤ Оценен возможный вклад DPS в образование рассматриваемых 
состояний. 
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