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- The electric dipole moment of the neutron 

from 2 + 1 flavor lattice QCD

- Ab initio calculation of the neutron-proton 

mass difference 

- Lattice inputs to flavor physics (FLAG)

- Fluctuations at finite temperature and 

density
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Method

• Imaginary time t→it

• Space-time discretization

• Thus we get from functional integral the partition
function for statistical theory in four dimensions
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Three limits
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Lattice spacing

Lattice size

Quark mass

Typical values
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Typical multiplicity of integrals

The multiplicity of  integrals over gluon fields 

is 32L4 (L=48, 32L4=169,869,312)

MMdd det}exp{ 

For quark fields we work with matrices 

12L4 x 12L4 (L=48, 12L4=63,700,992)

For lattice with 
L=48, L4=5,308,416



first computations in 1979
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Three methods of investigations
Experimental

LHC                               RHIC
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Theoretical Numerical computations 





Hadron Mass Spectrum



The electric dipole moment of the neutron 

from 2 + 1 flavor lattice QCD
QCDSF collaboration        Phys.Rev.Lett. 115 (2015) 6, 062001 L4=5,308,416





015) 6, 062001 







Ab initio calculation of the neutron-proton 

mass difference 
Wuppertal Science 347 (2015) 1452-1455

Lattice QCD + QED is simulated with 1+1+1+1 flavors:L4=5,3



α=  0, 1/6, 1/10, 1/137  









The neutron–proton mass difference, one 

of the most consequential parameters of 

physics, has now been calculated from 

fundamental theories. This landmark 

calculation portends revolutionary 

progress in nuclear physics. 

Frank Wilczek
Nature, 520, 303–304



LATTICE INPUTS TO FLAVOR PHYSICS

FLAG (Flavor Lattice Averaging Group) 

project
e-Print: arXiv:1507.04051 [hep-ph] 

To produce global averages/estimates and to review virtues 

and shortcomings of the different computations in a 

transparent way, which should be accessible also to the 

non-experts. This is the goal of the FLAG initiative.



quality criteria:









Fluctuations at finite temperature and density
Phys Rev Lett 113(2014)052301











The comparison between the experimental 

and lattice QCD results for the electric 

charge and baryon number fluctuations 

allows a first-principles determination of 

the freeze-out temperature and chemical 

potential, under the assumption that the 

experimentally measured fluctuations

can be described in terms of the 

equilibrium system simulated on the lattice.









Mass of neucleon, binding energy of dueteron, 4He, 3He (in units 

1/b) 



The magnetic moments of proton, nuetron, 

dueteron, triton and 3He.

Dashed lines show experimental values



SU(2) glue SU(3) glue 2qQCD (2+1)QCD
Wilson non-perturbatively improved Fermions 

“WORKING HORSE” of lattice QCD calculations

Y. Kuramashi Lattice 2007

Iwasaki gauge action + 

clover quarks

a^(−1) = 2.2GeV, 

lattice size: 32^3 × 64



Evidence of 5-th state of matter in heavy ions collisions

1. Thermalisation

2. Elliptic flow 

3. Jet quenching

4. Spectrum of photons

5. Shear viscosity eta/s and hydrodynamic approach

6. Lattice calculations vs experiment

……………………….

APS 2005, Tampa meeting

created matter at a temperature of about 4 trillion degrees Celsius —

the hottest temperature ever reached in a laboratory, about 250,000

times hotter than the center of the Sun 

using a giant atom smasher said on they have created a new state of matter - a hot, dense liquid made out of basic atomic particles 

- and said it shows what the early universe looked like for a very, very brief time.

"We think we are looking at a phenomenon ... in the universe 13 billion years ago when free quarks and gluons ... cooled down to

the particles that we know today," Aronson told a news conference carried by telephone from a meeting of the American Physical 

Society in Tampa, Fla.

Liquid, not a gas

The quark-gluon plasma was made in the Relativistic Heavy Ion Collider — a powerful atom smasher at Brookhaven National 

Laboratory in Upton, N.Y. Unexpectedly, the quark-gluon plasma behaved like a perfect liquid of quarks, instead of a gas, the 

physicists said.



After freezeout we have thermalized hadron gaz! 
Chemical equilibrium,a hadro-chemical equilibrium model.

We know that from experimental distributions 

Grand Canonical Ensemble for ideal gaz

1

kT
 

 is the chemical potential; ni is the number of 

particles in the i-th state.





The main result of these investigations was that the extracted temperature values

rise rather sharply from low energies on towards √sNN ≃10 GeV and reach

afterwards constant values near T=160 MeV, while the baryochemical potential

decreases smoothly as a function of energy. arXiv:1106.6321v1, A. Andronic, P.

Braun-Munzinger, K. Redlich, J. Stachel



Phase diagram of QCD



Critical temperature 



L. Levkova; Talk at Lattice 2011



D.Kharzeev



Chiral Magnetic Effect

[Fukushima, Kharzeev, Warringa, McLerran ’07-’08]

Electric current appears at regions 
1. with non-zero topological charge density 
2. exposed to external magnetic field

Experimentally observed at RHIC : 
charge asymmetry of produced particles at heavy ion 
collisions 



Chiral Magnetic Effect by 
Fukushima, Kharzeev, Warringa, McLerran

1. Massless quarks in external magnetic field.

Red: momentum Blue: spin



Chiral Magnetic Effect by 
Fukushima, Kharzeev, Warringa, 

McLerran
3. Electric current is along

magnetic field
In the instanton field 

Red: momentum
Blue: spin

Effect of topology:
uL → uR
dL → dR

u-quark: q=+2/3
d-quark: q= - 1/3



Magnetic fields in non-central collisions

The medium is filled by electrically charged particles

Large orbital momentum, perpendicular to the reaction plane

Large magnetic field along the direction of the orbital momentum

Two very big
currents
produce a very

big magnetic
field
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Graphene
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If we put graphene on a substrate we can get conductor: 
2

1
g g 







Hexagonal lattice = Triangular lattice + Triangular lattice

On such lattice  nonrelativistic electrons are

“equivalent” to massless four component Dirac

fermions moving with                     

the effective charge is:

;
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Graphene on substrate

g

g





Graphene in the dielectric media 

substrate

graphene

2
if    (1.11)graphene is the conductor
1

crit

gg

We can vary the effective coupling in graphene!



1.“Massless” four component Dirac fermions

2.Fermi velocity is

3. The effective charge is

4. We can vary the effective charge if we vary 

the  dielectric permittivity of the substrate

Effective theory of charge carriers in graphene
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(2+1)D fermions

(3+1)D Coulomb
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On substrate



Simulation of the effective graphene theory

Approach 1, hypercubic lattice

(2+1)D fermions

(3+1)D Coulomb

J. E. Drut, T. A. Lahde, and E. Tolo (2009-2011)

P.V. Buividovich, O.V. Pavlovsky, M.V. Ulybyshev, E.V. Luschevskaya, M.A. 

Zubkov, V.V. Braguta, M.I. Polikarpov (2012)

W. Armour, S. Hands, and C. Strouthos (2008-2011)



Simulation of the effective graphene theory

Approach 2, 2D hexagonal lattice and

rectangular lattice in z and time dimensions 
R. Brower, C. Rebbi, and D. Schaich (2011-2012)

P.V. Buividovich, M.I.P. (2012)



Fermion condensate as a function

of substrate dielectric permittivity

Approach 1                                           Approach 2

Hypercubic lattice                              Hexagonal lattice


