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Motivation and objective

QCD is a theory of dense baryonic matter (neutron stars,
heavy-ion collisions). At physically acceptable densities and/or
energies the QCD coupling constant is large = the perturb.
theory does not work. To describe the low density baryonic
matter one can use effective models, e. g., The
Nambu—Jona-Lasinio model (NJL):

L_Q[’Y i9, +mo + pu° + 2737 }qu [(CIQ) + (Gir°7q)?

where the quark field g(x) is a flavor doublet and color N¢-plet;
v (k = 1,2, 3) are Pauli matrices; the quark number chemical
potential 4 is responsible for the nonzero baryonic density of
guark matter, whereas the isospin chemical potential , is taken
into account in order to study properties of quark matter at
nonzero isospin densities (in this case the densities of u and d
quarks are different). At present time the model is a basis for
the consideration of color supercond. as well as pion
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@ (3+1)-dimensional NJL model :

L = Q[v i9, +mo + u7° + 2737 —o—iy 7Ta7'a]q
N
where o(x) = -2 >(gq); ma(x) = —2g (qw 7ag). At mg =0,
w #0 Lagranglan is symm with respect to U, (1) x Ua, (1),
where I3 = 73/2 is the third component of the isospin operator.
U, (1) is the isospin subgroup (q — exp(ia73)q) and Upa, (1) is
the axial isospin subgroup (q — exp(iay°73)q).

2 2
Seit (0, ma) = —Nc / 0" T g4y + Seft, (2

exp(idur) = N’ / dlfda] exp (i / Glin"0, + Mo + 1n°

+ %7’37 — o(x) — iv°ma(X)7alq d4X). (3)
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The ground state expectation values (o(x)) and (ma(x)) of the
composite bosonic fields are determined by the saddle point
equations (S. Coleman in “Secret symmetry”, formula (3.18)),

0Seft 0Seft

So(x) 7 oma(x)

It is assumed usually that order parameters (o(x)) and (ma(x))
do not depend on space coordinates. In this case

0. (4)

1
d*xQ = -8 5
[ 4o ma) = - Sar(o b mat) @
U,(1): o —o0; m3— s T+ 75 = invy,
UA|3(1): Ty — M1, T —» T2, 02+7r§:inv2.

= the effective potential depend on U,,(1) x U, (1)- invariants
invy, invo=- without loss of generality one can put (73) = 0 and
(m2) = 0. (o) and (m1) are order parameters: If () # 0 then
Uali, (1) is spontaneously broken.
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If (1) ~ (Giy°719) # O then isotopic symmetry U, (1) is spont
broken and we have charged pion condensed phase. Phase
structure of the model at mg = 0 in 3+1 dim case for A = 0.65
GeV, G = 5.01 GeV~!, where 6p = 14/2 :
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® (1+1)-dim NJL model with homogeneous condensates,
(o) and (m1) do not depend on spatial coordinate x.

In the leading order of 1/N¢ expansion the TDP looks like (here M — my = o and A = mq):

2, A2
un M =—mg)*+A o dpp 4 __ + + _ _
Q (M,A)fiéle ) {EA +Ex +(N—EA)9(M—EA)+(M—EA)9(N—EA)}7 (6)

where EAi =/(EXR2+A2 ET=ELv,v= w/2andE = ,/p% + M2, Coordinates of the global min point
(GMP),or gaps, of TDP give us the ground state expect values of o and m; fields, i.e. M, — mg = (o (X)),

Apin = (m1(x)). = if Apin # 0, the charged pion condensation occurs. Moreover, My, is the dynamical quark
mass. The TDP is an ultraviolet divergent quantity, so in order to get any physical information one should
renormalize it, using a special dependence of such quantities as the bare coupling constant G and the bare quark
mass mg on the cutoff parameter A (A restricts the integration region in the divergent integral in (6), |p1| < A). Itis
easy to see that, cutting of the divergent integral in (6) and then using the substitution G = G(A) and my = mG(A),

where
1 2 2N
—— =—In|{ — 7)
2G(A) ( Mo )

and m, Mg are new free massive parameters of the model. Then in the limit A — oo it is possible to obtain a finite
expression for the TDP. Namely,

Q"(M, A) = Vo(M, A) 777/00 dpl{EA+E —2\/p} + M2 + A2 + (1 — EL)0(u — EX) + (1 — Ex)0(n — Ex ) |

2 2
n(u) _1} ©
Mg

is the TDP in vacuum, i.e. at x = 0 and y; = 0, taken in the chiral limit, i.e. at m = 0. M is the dynamical quark

where M2 4 A2
Vo(M,A) = ———
27

v =0.

mass in vacuum, i.e. at pu,
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Phase structure

We suppose that m = 0.05My (in this case the relation between the
dynamical quark mass Mgyn = Mmin and 7-meson mass M is the
same as in the framework of NJL, model, where Mgy, = 350 MeV,
M, = 140 MeV), i.e. Mgyn/M, = 5/2.

16

14
12F
1k

-
2 08
ES

06

04r Homogeneous pion condensation

Vacuum

02k ng=0

0 | L L L L L
0 02 0.4 06 0.8 1 12 14 16

In the PC phase: (Amin # 0, Mmin ;AVBU), In Vacuum and 1-, 2-,
3-phases: (A = 0, Mpin # 0).
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The behavior of My, and Apin VS v = 14/2

M /M,

Left figure: The behavior of My, (1) and A, (2) in Vacuum
and PC phases at small fixed values of .

Right figure: The behavior of My, vs v at u/Mo = 0.84 (1) and
/Mo = 0.94 (2). In this case Apjn = 0.
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Particle number ny and isospin n; densities vs v

Ng = OQ(M,A)/aﬂ‘min, n = 0Q(M,A)/op ‘min

n1/My

ni/My
g/ M,

o 02 04 06 08
v/M, v/M,

Left figure: The behavior of n; in Vacuum and PC phases at
small fixed values of 4. In this case nq = 0.

Right figure: The behavior of nq (1) and n; (2) at 1/Mg = 0.84.
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Quasiparticles

Each quasiparticle is a one-quark excitation of a ground state.
In the GN model (1) there are 4 quasiparticles, i.e. one u,d,
u, d-excitations, in each phase. Their energies vs p; are

Eu(p1) =Ex — i, Eg(p1) =EZX — i,
Ea(p1) = —(EA +n), Eg(p1) = —(Ex + ).

@ In Vacuum and PC phase all quarks are gapped particles.

@ In the phase 1 u,d-quarks are gapless.

@ In the phases 2, 3 u-quarks are gapless, but d-quarks are
gapped.
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(1+1)-dim NJL model with spatially inhomogeneous m; » condensates

Namely, we suppose the following structure of the condensates
(o(x)) =M —my, (m3(x)) =0, (m1(x)) = Acos(2bx), (m2(x)) = A sin(2bx)
(M —mg)? + A2

Q"(M,b,a) = T+i/

d?p 4 2
@) In(n* + An® + By +C), (10)

where the notations = pg + p and

—2(M? +b% 4+ p? +1% + A%), B=—8pby,

c = MPp?4pl 4+ A% —apd? + 02?4 A%+ MPLP 4 plb?) 1

are used. The argument of the In-function in (10) can be expanded into a product of four linear multipliers,

2 2 2

un M —mg)*+ A ) dp + _ + _

Q""(M,b,8) = T-H/Wln[(n—m)(n—nl )n =) —ny)]| s (12)

T _ ot o .
Pou =7, — K, Pod =77 — K, Poa =17y — K, Pog =M — H- (13)

- _
[~ dnoin (po — a) = inal, (14)
o

(M — mg)? + A2

Q" (M, b, A)
4G

oo dpy
= [T 5% [IPoul + Ipog + Ipoal + Ipggl] - (15)
J—oo 4T
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Renormalization

(M — mg)? + A2 A dpl
2°9(M. b, 4) S = [ T [lpoul + Ipool + Ipal + Ipggl] - (19)
reg _ reg reg reg
Q°I(M, b, A) = (n (M,b,A) — Q (M,b,A)\b:D‘u:OJ’:D) + QM. b, A)]y o 0o an

since |poul| = Pod | = IPoal = IPogl = 1/P? + M2 + A2, we have
M —mg)? + A2 A dp
Qreg(M’b’A)‘b:O,u:D.u:O - + _ / Ph /p 4+ M2 4 A2, (18)

mM A d
27, b, 8) — "M, b, &) = VoM, &) = L~ im { [* T ipoy] + Ipog|

A— oo

+ Ipoal + Pog | —4~/p§+M2+AZ]}. 19)

where Vo(M, A) is given in (9).
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Phase structure in the case of inhomogeneous ansatz for 71 , condensates

WM,

0.4

Vacuum

Phase portrait of the model when inhomogeneity of pion condensates
is taken into account. Here IPC, » denote inhomogeneous charged
pion condensation phases, nq is a quark number density, 2 is a
normal quark matter phase with A =0, M # 0.
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Behavior of the gaps M and A and wave vector b vs pand v = /2
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Left figure: Gaps M (line 1), A (line 2) and inhomogeneity wave
vector b (line 3) vs p at fixed v = 1.2Mg.

Right figure: Gaps M (line 1), A (line 2) and inhomogeneity
wave vector b (line 3) vs v at fixed © = 0.85Mp.
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Behavior of the quark number nq and isospin n, densities vs p and v = /2

Left figure: Quark number, nq, and isospin, n;, densities vs v at
Right figure: Quark number, nq, and isospin, n;, densities vs p
at v = Mg.
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