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Motivation and objective

QCD is a theory of dense baryonic matter (neutron stars,
heavy-ion collisions). At physically acceptable densities and/or
energies the QCD coupling constant is large ⇒ the perturb.
theory does not work. To describe the low density baryonic
matter one can use effective models, e. g., The
Nambu–Jona-Lasinio model (NJL):

L = q̄
[

γν i∂ν + m0 + µγ0 +
µI

2
τ3γ

0
]

q +
G
Nc

[

(q̄q)2 + (q̄iγ5~τq)2
]

,

where the quark field q(x) is a flavor doublet and color Nc-plet;
τk (k = 1,2,3) are Pauli matrices; the quark number chemical
potential µ is responsible for the nonzero baryonic density of
quark matter, whereas the isospin chemical potential µI is taken
into account in order to study properties of quark matter at
nonzero isospin densities (in this case the densities of u and d
quarks are different). At present time the model is a basis for
the consideration of color supercond. as well as pion
condensation (PC) effects, etc.
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(3+1)-dimensional NJL model :

L̃ = q̄
[

γν i∂ν + m0 + µγ0 +
µI

2
τ3γ

0 − σ − iγ5πaτa

]

q

−
Nc

4G

[

σσ + πaπa

]

, (1)

where σ(x) = −2 G
Nc
(q̄q); πa(x) = −2 G

Nc
(q̄iγ5τaq). At m0 = 0,

µI 6= 0 Lagrangian is symm with respect to UI3(1)× UAI3(1),
where I3 = τ3/2 is the third component of the isospin operator.
UI3(1) is the isospin subgroup (q → exp(iατ3)q) and UAI3(1) is
the axial isospin subgroup (q → exp(iαγ5τ3)q).

Seff(σ, πa) = −Nc

∫

σ2 + π2
a

4G
d4x + S̃eff, (2)

exp(iS̃eff) = N ′

∫

[dq̄][dq]exp
(

i
∫

q̄[iγρ∂ρ + m0 + µγ0

+
µI

2
τ3γ

0 − σ(x)− iγ5πa(x)τa]q d4x
)

. (3)
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The ground state expectation values 〈σ(x)〉 and 〈πa(x)〉 of the
composite bosonic fields are determined by the saddle point
equations (S. Coleman in “Secret symmetry”, formula (3.18)),

δSeff

δσ(x)
= 0,

δSeff

δπa(x)
= 0. (4)

It is assumed usually that order parameters 〈σ(x)〉 and 〈πa(x)〉
do not depend on space coordinates. In this case

∫

d4xΩ(σ, πa) = −
1

Nc
Seff

(

σ(x), πa(x)
)

∣

∣

∣

σ(x)=σ,πa(x)=πa
, (5)

UI3(1) : σ → σ; π3 → π3; π2
1 + π2

2 = inv1,

UAI3(1) : π1 → π1; π2 → π2; σ2 + π2
3 = inv2.

⇒ the effective potential depend on UI3(1)× UAI3(1)- invariants
inv1, inv2⇒ without loss of generality one can put 〈π3〉 = 0 and
〈π2〉 = 0. 〈σ〉 and 〈π1〉 are order parameters: If 〈σ〉 6= 0 then
UAI3(1) is spontaneously broken.
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If 〈π1〉 ∼ 〈q̄iγ5τ1q〉 6= 0 then isotopic symmetry UI3(1) is spont
broken and we have charged pion condensed phase. Phase
structure of the model at m0 = 0 in 3+1 dim case for Λ = 0.65
GeV, G = 5.01 GeV−1, where δµ = µI/2 :
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(1+1)-dim NJL model with homogeneous condensates,
〈σ〉 and 〈π1〉 do not depend on spatial coordinate x .

In the leading order of 1/Nc expansion the TDP looks like (here M − m0 ≡ σ and ∆ ≡ π1):

Ω
un

(M,∆) =
(M − m0)

2 + ∆2

4G
−

∫

∞

−∞

dp1

2π

{

E+
∆ + E−

∆
+ (µ − E+

∆ )θ(µ − E+
∆ ) + (µ − E−

∆
)θ(µ − E−

∆
)
}

, (6)

where E±

∆
=
√

(E±)2 + ∆2 , E± = E ± ν, ν = µI/2 and E =
√

p2
1 + M2 . Coordinates of the global min point

(GMP),or gaps, of TDP give us the ground state expect values of σ and π1 fields, i.e. Mmin − m0 = 〈σ(x)〉,
∆min = 〈π1(x)〉. ⇒ if ∆min 6= 0, the charged pion condensation occurs. Moreover, Mmin is the dynamical quark
mass. The TDP is an ultraviolet divergent quantity, so in order to get any physical information one should
renormalize it, using a special dependence of such quantities as the bare coupling constant G and the bare quark
mass m0 on the cutoff parameter Λ (Λ restricts the integration region in the divergent integral in (6), |p1| < Λ). It is
easy to see that, cutting of the divergent integral in (6) and then using the substitution G ≡ G(Λ) and m0 ≡ mG(Λ),
where

1

2G(Λ)
=

2

π
ln

(

2Λ

M0

)

(7)

and m, M0 are new free massive parameters of the model. Then in the limit Λ → ∞ it is possible to obtain a finite
expression for the TDP. Namely,

Ω
ren

(M,∆) = V0(M,∆) −
mM

2
−

∫

∞

−∞

dp1

2π

{

E+
∆ + E−

∆
− 2
√

p2
1 + M2 + ∆2 + (µ − E+

∆ )θ(µ − E+
∆ ) + (µ − E−

∆
)θ(µ − E−

∆
)
}

where
V0(M,∆) =

M2 + ∆2

2π

[

ln

(

M2 + ∆2

M2
0

)

− 1

]

(9)

is the TDP in vacuum, i.e. at µ = 0 and µI = 0, taken in the chiral limit, i.e. at m = 0. M0 is the dynamical quark

mass in vacuum, i.e. at µ, ν = 0.
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Phase structure

We suppose that m = 0.05M0 (in this case the relation between the
dynamical quark mass Mdyn ≡ Mmin and π-meson mass Mπ is the
same as in the framework of NJL4 model, where Mdyn = 350 MeV,
Mπ = 140 MeV), i.e. Mdyn/Mπ = 5/2.
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The behavior of Mmin and ∆min vs ν = µI/2
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Left figure: The behavior of Mmin (1) and ∆min (2) in Vacuum
and PC phases at small fixed values of µ.
Right figure: The behavior of Mmin vs ν at µ/M0 = 0.84 (1) and
µ/M0 = 0.94 (2). In this case ∆min = 0.
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Particle number nq and isospin nI densities vs ν

nq = ∂Ω(M,∆)/∂µ
∣

∣

min, nI = ∂Ω(M,∆)/∂µI
∣

∣
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Left figure: The behavior of nI in Vacuum and PC phases at
small fixed values of µ. In this case nq ≡ 0.
Right figure: The behavior of nq (1) and nI (2) at µ/M0 = 0.84.
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Quasiparticles

Each quasiparticle is a one-quark excitation of a ground state.
In the GN model (1) there are 4 quasiparticles, i.e. one u,d ,
ū, d̄-excitations, in each phase. Their energies vs p1 are

Eu(p1) = E−

∆ − µ, Ed(p1) = E+
∆ − µ,

Eū(p1) = −(E+
∆ + µ), Ed̄(p1) = −(E−

∆ + µ).

In Vacuum and PC phase all quarks are gapped particles.

In the phase 1 u,d -quarks are gapless.

In the phases 2, 3 u-quarks are gapless, but d -quarks are
gapped.
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(1+1)-dim NJL model with spatially inhomogeneous π1,2 condensates

Namely, we suppose the following structure of the condensates
〈σ(x)〉 = M − m0, 〈π3(x)〉 = 0, 〈π1(x)〉 = ∆ cos(2bx), 〈π2(x)〉 = ∆ sin(2bx)

Ω
un

(M, b,∆) =
(M − m0)

2 + ∆2

4G
+ i
∫ d2p

(2π)2
ln
(

η
4
+ Aη2

+ Bη + C
)

, (10)

where the notations η = p0 + µ and

A = −2(M2
+ b2

+ p2
1 + ν

2
+ ∆

2
), B = −8p1bν,

C = (M2
+ b2

+ p2
1 + ν

2
+ ∆

2
)
2
− 4(p2

1ν
2
+ b2

ν
2
+ ∆

2b2
+ M2

ν
2
+ p2

1b2
) (11)

are used. The argument of the ln-function in (10) can be expanded into a product of four linear multipliers,

Ω
un

(M, b,∆) =
(M − m0)

2 + ∆2

4G
+ i
∫ d2p

(2π)2
ln
[

(η − η
+
1 )(η − η

−

1 )(η − η
+
2 )(η − η

−

2 )
]

, (12)

p0u = η
−

1 − µ, p0d = η
+
1 − µ, p0ū = η

−

2 − µ, p0d̄ = η
+
2 − µ. (13)

∫

∞

−∞

dp0 ln
(

p0 − a) = iπ|a|, (14)

Ω
un

(M, b,∆) =
(M − m0)

2 + ∆2

4G
−

∫

∞

−∞

dp1

4π

[

|p0u | + |p0d | + |p0ū | + |p0d̄ |
]

. (15)
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Renormalization

Ω
reg

(M, b,∆) =
(M − m0)

2 + ∆2

4G
−

∫ Λ

−Λ

dp1

4π

[

|p0u| + |p0d | + |p0ū | + |p0d̄ |
]

. (16)

Ω
reg

(M, b,∆) =
(

Ω
reg

(M, b,∆) − Ω
reg

(M, b,∆)
∣

∣

b=0,µ=0,ν=0

)

+ Ω
reg

(M, b,∆)
∣

∣

b=0,µ=0,ν=0. (17)

Since |p0u| = |p0d | = |p0ū | = |p0d̄ | =
√

p2
1 + M2 + ∆2, we have

Ω
reg

(M, b,∆)
∣

∣

b=0,µ=0,ν=0 =
(M − m0)

2 + ∆2

4G
−

∫

Λ

−Λ

dp1

π

√

p2
1 + M2 + ∆2. (18)

Ω
un

(M, b,∆) −→ Ω
ren

(M, b,∆) = V0(M,∆) −
mM

2
− lim

Λ→∞

{∫

Λ

−Λ

dp1

4π

[

|p0u| + |p0d |

+ |p0ū | + |p0d̄ | − 4
√

p2
1 + M2 + ∆2

]}

. (19)

where V0(M,∆) is given in (9).
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Phase structure in the case of inhomogeneous ansatz for π1,2 condensates
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Behavior of the gaps M and ∆ and wave vector b vs µ and ν = µI/2
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Left figure: Gaps M (line 1), ∆ (line 2) and inhomogeneity wave
vector b (line 3) vs µ at fixed ν = 1.2M0.
Right figure: Gaps M (line 1), ∆ (line 2) and inhomogeneity
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Behavior of the quark number nq and isospin nI densities vs µ and ν = µI/2
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µ = 0.85M0.
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at ν = M0.
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