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Lattice action
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QCD In lattice regularization (aka Lattice
QCD) has statistical and number of
systematic uncertainties

These are controlled uncertainties

They can be estimated and decreased



QCD at T>0

1/T 1
SelAl = [)"" dxy [ d%x 2 Tr Fy (6) By (%)

= d d? D D, +
: x4f X Zf:ll)f () (VD +my

— llfyo) ll)f(x)

T =1/L,, L, -length in 4t direction
L, =aN,, a - lattice spacing



Simple estimation of 1/a:
fT ~ T, (take T, about 180 MeV)

720 MeV, N4= 4
1/a ~N, T, ~ 1.44GeV, N,=8
216 GeV,N, = 12



Sign problem
det([) +m+u-}/0) - In the integral

We use "}/5[Q’}/5 — DT
(D +m+up)ys=0"+m—uy
= (D+m—u*yp)'

det(lp +m+py) = det" (I +m — pu*y)



det() + m+ uy) = det (D +m— u*y)

Determinant is real only for y =0 and p = iy,

This makes impossible to apply usual MCMC
algorithm In case of real p

Note, that for imaginary p this problem is absent



LQCD action with u:

SF (1/}! 15! U) — lﬁ M(U)lf)

where U, —» U,e*, Uf - Ufe
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Atomic nuclei Neutron stars

>
Baryon density

There is a curve in the plane of temperature T versus baryon chemical
potential y representing a line of first-order phase transitions. This curve

terminates in a second-order phase transition at some (T, u,)
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The expectation is that Tc is less than 160

MeV and uc is greater than a few hundred
MeV.

Results of LQCD for u = 0 (T, EoS) are
used to fix parameters in various
phenomenological models.

But results at © > 0 are desirable



Methods to solve sign problem

- Multi-Parameter Reweighting
Fodor, Katz, 2002

- Taylor expansion

Gottlieb et al. Phys.Rev.Lett. 59, 2247 (1987) (up to u?)
Allton et al., Phys.Rev. D71, 054508 (2005) (up to u° )

- Imaginary Chemical Potential
D’Elia, Lombardo, 2002

- Canonical ensemble approach
de Forcrand, Philipsen, 2002



For free quark-gluon gas (Stefan-Boltzmann limit):

e 1 ﬂf) 1 (;1;)‘
__ G()+‘2(T TR \T

This is valid for very high T

For low T — Hadron resonance gas (HRG) model

P _ 3kq
T4—G(T)+F(T) cosh( -



Notations

pressure

D 1

T = yT3 ——=log Z(V,T, u)
Quark number density

op/T*
Susceptibility
) anf/T3
XrrlT" =




Taylor expansion for pressure:

00

L=y am()

n=0
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The QCD Equation of State to @(u%) from Lattice QCD
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We calculated the GO equation of state using Taylor expansions that include contributions from
up to sixth order in the baryon, strangeness and electric charge chemical potentials. Caleulations
have been performed with the Highly Improved Staggered Quark sction in the temperature range
T & 135 MeV, 330 MeV] using up to four different sets of lattice cut-offs corresponding to lattices
of siza N2 x N. with aspect ratio N, /W, =4 and N. = 6 — 16. The strange quark mass is tunad
to its physical value and we use two strange to light quark mass ratios m, fmge = 20 and 27, which
in the contimuum limit correspond to a pion mass of about 160 MeV and 140 MeV respectively.
Sixth-order results for Taylor expansion coefficients are used to estimate truncation ermrors of the
fourth-order expansion. We show that truncation errors are small for barvon chemical potentiaks
less then twice the temperature (pg < 2T7). The fourth-order equation of state thus is suitable
for the modeling of dense matter created in heavy ion collisions with center-of-mass energies down
to W Earw o~ 12 GaV. We provide a parametrization of basic thermodynamic gquantities that can
be readily used in hydrodynamic simulation codes. The results on up to sixth order expansion
coefficients of bulk thermodynamics are used for the caleulation of lines of constant pressure, energy
and entropy densities in the T-u e plane and are compared with the crossover ling for the QOCL chiral
transition as well as with experimental results on freeze-out parameters in heavy ion collisions. These
coefficients also provide estimates for the location of a possible critical point. We argue that results
on sixth order expansion coefficients disfavor the existence of a eritical point in the QCD phase
diagram for pe/T < 2 and T/T (g = 0) = 0.9,

Data for basic thermodynamic observables caleulated for baryvon chemical potentials g /T < 2.2
in the temperaturs range 135 MeV < T < 280 MeV for the cases (1) of vanishing strangeness and
alectric charge chemical potentials and (I} vanishing strangeness density, ng = 0 and fixed electric
charge to net baryon-number ratio, ng/ng = 0.4 are provided as two ancillary files.

January 18, 2017

PACS numbers: 11 100Wx, 12,38 G, 12.38Mh



=27 (m, = 140 MeV)

N, = 8,10,12,16
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Assuming that the current results obtained
with expansion coefficients up to 6th order
are indicative for the behavior of higher
order expansion coefficients and taking into
account the current errors on 6th order
expansion coefficients we concluded that at
temperatures T > 135 MeV the presence of
a critical point in the QCD phase diagram for
ug < 2T is unlikely.



Imaginary u,
At imaginary chemical potential .= iug; the

sign problem is absent and standard Monte

Carlo algorithms can be applied to simulate
Lattice QCD. Can we use this?

Study of QCD at nonzero ., can provide us with
information about physical range of i,
- extrapolation to g =0 or analytical

continuation to nonzero real u,



The QCD partition function Z is a periodic
function of 6 = g /T:

Z(0)= Z(0 + 2nk/3)
There are 1st order phase transitions at 8 =
(2k + 1)%
This symmetry is called Roberge-Weiss

symmetry






T d(p/T*)

N=2+1, N.=10,12,16, N,=40,48,64
Fodor et al., 2016

Analytical continuation on N; = 12 raw data
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QCD at nonzero baryon density

A. Nakamura, V.B., A. Molochkov, D. Boyda,
V. Goy, A. Nikolaev, V. Zakharov




Simulation settings

We simulate Ny = 2 lattice QCD with clover improved Wilson fermions
and Iwasaki improved gauge field action

To fix parameters (lattice spacing a, temperature T, quark mass m,)
we use T = 0 results of WHOT QCD collaboration

Currently quark mass is defined by ratio m;/m, = 0.8 (m; =~ 0.7 GeV
attice size: 16° x 4

arge lattice spacing: a ~ 0.2 fm

arge volume: L ~ 3.2 fm

We simulate at imaginary chemical potential piq = .I’.,[Lé,

AtT >T,(T/T,=1.08;1.35,1.20)

at T < T, (T/T,=0.84;0.93; 0.99)
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In the deconfining phase we fit the data for Ngi to a polynomial of ¢

Nmax

ngi() = Z a,0°" (10)
n=1

while in the confining phase (below 7.) we fit it to a Fourier expansion

Nmax

Ngi(0) =) fansin(3n6) (11)

n=1

Similar fits were used in Takahashi et al, 2014
Gunther et al., 2016 arXiv:1607.02493
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note, a; = 2¢»: ay

= —404

T/ To df dj ds )(2 f ng{ 205 4cy
1.35 | 4.671(2) | -0.991(4) : 0.67 |4.68(1) | 0.97(8)
1.20 | 4.409(6) | -1.03(3) | -0.17(3) | 0.70 | 4.40(1) | 1.3(1)
1.08 | 3.86(2) |-1.46(16) | -0.75(25) | 0.91 | 3.88(2) | 1.3(2)
Results of fitting of ny/ T in the deconfinement phase.
Comparison with Taylor expansion Ejirietal., 2010




T/Te 5 fe Y/ Naof s Netot
0.99 | 0.7326(25) | -0.0150(21) | 0.83, 18
0.93 | 0.2608(8) - 0.93, 37
0.84 | 0.0844(7) 0.41, 18

Results of fitting data for ng /T in't

he confinement phase

T/Te | a as as | X*/Ngt | 20 4cy
0.99 | 2.10(1) | -2.72(2) | 0.45(6) | 083 |2.07(3) | 2.90(8)
0.93 | 0.782(3) | -1.174(4) | 0.528(2) | 0.93 | 0.71(4) | 0.33(5)
0.84 | 0.253(2) | -0.380(3) | 0.171(2) | 0.41 | 0.25(4) | 0.0(37)

Taylor coefficients in the confinement phase.
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2
Te(ug)/Te =1-C (ug/T,)

C=0.07 In nice agreement with other results
for N_f=2 lattice QCD:

C=0.051(3) De Forcrand, Philipsen, 2002

C=0.065(7) Wu, Luo, Chen, 2007
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Canonical ensemble
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Comparison with another method
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Comparison with experiment
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- coefficients of Taylor expansion agree with direct computation,
smaller errors

- In the deconfining phase our results are in nice agreement with
hopping parameter expansion

- In the confining phase agreement is not so good but there is hope
for improvement

- contrary to hopping parameter expansion - no limitations on quark
mass

- observed agreement with the hopping parameter expansion
means method works beyond Taylor expansion validity range.

- Pressure, number density and higher cumulants can be computed
beyond Taylor expansion
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We use hopping parameter expansion (HPE) to evaluate the
determinant (¢ = e#8aN — ea/T):

Tr[InA] = Tr{in(l — kQ)] = Z g Q" = i W, (e”EaNT)n
N=—oo

Nc:m
detA(U)=e™ —exp | Y W,UJe"

N=—Ngy;

W,[U] may be calculated using stochastic estimators for Tr [Q"].

2Ny Ny N2 N

deta(U)= ) z[U¢"

HZ—EN;(N_FN: N{;
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