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The observed m atter in the universe accounts for just 5% of the ob-
served gravity. A possible explanation is that N ew ton’s and E instein’s
theories of gravity fail w here gravity is either weak or enhanced. T he
m odi ed theory ofN ew tonian dynam ics M ON D ) reproduces, w ithout
dark m atter, spiral-galaxy orbital m otions and the relation between
lum inosity and rotation in galaxies, although not in clusters. R ecent
extensions of E instein’s theory are theoretically m ore com plete. T hey
inevitably include dark eldsthat seed structure grow th, and they m ay
explain recent weak lensing data. H ow ever, the presence ofdark elds
reduces calculability and com es at the expense of the originalM ON D

prem ise { that the m atter we see is the sole source of gravity. O bser—
vational tests of the relic radiation, weak lensing, and the grow th of
structure m ay distinguish m odi ed gravity from dark m atter.

Introduction

The problem of m issing m ass has been w ith us m ore than 70 years: G ven the
am ount of directly observable m atter, general relativity (GR, E instein’s theory of
graviyy) produces too little gravity to account fora host of observations. O n scales
of one to tens of kiloparsecs, the cbserved random or coherent velocities of stars
and gasarem uch greater than the escape velocity in the selfgravity ofthose sam e
stars, gas and dust. The sam e is true for galaxy clusters on much larger scales.
G ravitational potentials around galaxy clusters, desper than would be produced
by the ocbserved m atter, are also needed to explain cbserved gravitational lensing;
that is. the defom ation of light bundles from background galaxies.

Evidence also exists for anom alously strong gravity on the largest observable
scale: out to the coan ologicalhorizon. In a universe that contained only ordinary
m atter (often called baryonic m atter, encom passing protons and neutrons, w hich
m ake up over 99.9% of the m ass of ordinary m atter), the grow th of structures,
such as galaxies and clusters of galaxies, would be suppressed. D uring recom —
bination, when that universe was approxin ately 400;000 years old, the seeds
for galaxies and clusters would be entirely erased by dissipation (known as Sik
dam ping) and no structure would form on scales up to m any tens ofm egaparsecs.

Thenow standard solution ofthese dynam icalm ysteries isthat an uncbserved
form of m ass, which exceeds the observed m ass of both galaxies and clusters,
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provides the gravity that prevents them from  ying apart, increases lensing and
prevents Sik dam ping. The m issing m ass neither shines nor absorbs or scatters
light enough to be directly detected by our telescopes. Ik should be close to

pressureless and m ust be non relativistic well before recom bination. Tt is therefore
known as cold dark matter CDM ). A number of candidate particles have been

proposed that have these properties and their behaviour in the Universs hasbeen

studied in exquisite detail.
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Figure 1: Evidence for dark m atter or for deviations from GR tend to appear in
system s In which the acceleration scale isweak (to the left of the solid horizontal
line) at about 7 10 ® an 2. There is strong evidence for either of the above
In dwarf galaxies, soiral galaxies, clusters of galaxies, the large scale structure of
the Universe and In the expansion of the Universe itself.

An altogetherdi erent approach can be taken if one notes that the evidence
for m issing m ass arises because of a m ism atch between the gravitational eld
one would predict from the observed m ass distrbution in the Universe and the
observed gravitational eld. The cbserved discrepancies arise when the e ective
gravitational acceleration is around, orbelow, a; / 10 ® am sec ?; that ish a
regin e of very weak gravitational eld. PerhapstheNewtonian theory of gravity—
and GR-Dbreak down in this regine. In this Review we provide an updated
assessn ent of this theory.



M odifying N ew tonian G ravity

T he possibility that New tonian gravity and GR do not accurately describe very
weak gravitational elds was proposed more than 25 years ago. M ilgrom sug-
gested that Newton’s second law, FF = ma (Where F is the gravitational force
applied to a unit of m assm to produce an acceleration a) ism odi ed when grav—
ity isweak, to FF = m (RFag)a [l]. This proposal has been named m odi ed
New tonian dynam ics M OND ). M ore m odem versions ofM OND cast it instead
asamodi ed theory ofgravity, altering the N ew ton-P oisson equation that relates
the gravitational force to the distrlbbution of m ass density  that is responsible
for i R].

M OND has a number of appealing features. It independently explains the
am pirical Tully-F isher relation between the um nnosity, L, ofa spiral galaxy and
its asym ptotic rotationalvelocity, v: I / v? where G isthe gravitationalconstant
and M is the baryonic m ass of the galaxy. G iven the ratio of the baryonic m ass
of these spirals to their lum inosity (the m assto-light ratio), this is equivalent
to @G )M = v*, exactly what would be predicted by M OND . A system atic
study of a w ide range of spiral galaxies pins the acceleration scale to be unigque:
ag /' 12 10 ® an s 2. Furthem ore, the detailed features of the rotational
velocity asa function of radius are predicted by the baryonicm ass distrdoution [3].
M OND hasalso been used to predict the analogue of the TullyF isher relation for
elliptical galaxies (the Faber-Jackson relation between baryonicm ass and velocity
dispersion), the existence of galaxies w ith low surface brightness, and an upper
Iim it on the m ean surface brightness of spiral galaxies (known as Freem an’s law )
é].
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Figure 2: TheM OND rotation curve of the galaxy NG C 1650 (solid line) repro—
duces cbserved features w ith surprising delity given jast one free param eter {
them asstolight ratioM =L = 0:43. A 1so shown is the N ew tonian rotation curve
that would result from Just the gas (dotted) or jast the stars (dashed). The qual-
ity ofthe rotation curve t from M OND is generic. (Figure courtesy ofM caugh;
originally published in [42)])

A ttem pts to resolve the m ass discrepancy on the scale of clusters of galaxies



have been m ore problem atic. O ne is cbliged either to use a value of ap that is
di erent from the one used for galaxies or to assum e the existence of a anall
am ount of dark m atter. If one of the three types of neutrino (electron, muon or
tau) hasam ass ofa few electrons volts it would be an ideal candidate for cluster
dark matter n M OND [5].

An added com plication is that gravitating system s cannot be studied In iso—
Jation and the extemal gravitational eld can play a role In the intemaldynam ics
of disparate ob Ects such as star clusters, m olecular clouds and galaxies. M OND
does not satisfy Birkho ’stheoram (the analogue In gravity ofG auss’ law in elec-
trom agnetism ) for realm asses [0, |7, 18] and this m eans that the acceleration of
any real probe { a star or a cloud of gas { even if it is Jocated In a spherdically
symm etric system , degpends not Just on the m ass that is interdor to the probe but
on the m ass that is exterior as well.

M OND was developed as a phenom enological description of spherically (or at
Jeast axially) symm etric, non—relativistic, low acceleration system s. Untila fully
dynam ical relativistic theory can be constructed, M OND itself cannot reliably
predict, am ong other things: anom alous accelerations in galaxy clusters, the
e ectsofgravitationallensing of light, the expansion ofthe U niverse or the grow th
of structure.

R elativistic theories ofm odi ed gravity

D espiteM OND ’ssuccesses and failures, for it to be seriously jaidged asa candidate
explanation ofanything, it must be embedded In am odi cation ofE instein’s GR
theory. E instein cast gravity asa geom etric theory of spacetin e (the com bination
of space and tim e) . T he properties of spacetin e areencoded in a 4 by 4 sym m etric
m atrix wih 10 free com ponents, which is called the m etric, g, which is itself a
function of space and tin e. From thism etric, one can construct various geom etric
quantities, such as the overall curvature of spacetine, R, known as the Ricci
scalar, the Riccitensor R and the R iam ann tensor, R .

E instein proposed that the energy content of the U niverse would source these
various quantities, curving goacetin e according to a xed st of rules, called the
Einstein eld equations. The di erent com ponents ofthe Universe would In tum
respond to the curvature of spacetinm e: Tnh the absence of non gravitational forces,
they would follow geodesic paths that could be derived from the m etric.

E instein’s theory must be tam pered w ith to incorporate M OND . T here are
two possblewaysofm odifying it. O neway isto changehow curvature respondsto
the presence ofm atter. T he rules that E Instein posited for deriving gravity start
w ith the sin plest of all the quantities that encode curvature, the R icci scalar. A

rst step away from E nstein istobring in other fiinctions ofthem etric such asthe
Ricci and R iam ann tensors, as well as m ore com plicated functions of the R icci
scalar. Indeed, because of the e ects of quantum m echanics on the goacetin e
m etric, one expects the full theory of gravity to be a m ore com plex com bination
of various geom etric quantities [9]. A s a result, one nevitably Introduces new
gravitational degrees of freedom .



Som e of these m odi cations have consequences at short distance scales and
resul in an all @lthough potentially m easurable) corrections to standard physics,
which are insu cient to reproduce galactic rotation curves. O thers result in
m odi cations to cosm ology, but not In M OND -like behavior on galactic scales.
N evertheless a few proposals have been advanced for m odi cations of gravity
that can play a role on galactic and supra-galactic scales. In [1L0] the R iccitensor
is replaced by the W eyl curvature and a scalar eld is Introduced to play the
role of a variable New ton’s constant. In [L1], a lJogarithm of the R icci curvature
is considered as the fundam ental action. For these cases and others, there is an
extensive program to explore the theoretical and phenom enological consequences.

A complem entary approach is to postulate that light and m atter respond
to the geom etry of space and time di erently than predicted by E instein. The
sim plest way to in plam ent this is to distinguish the geom etric m etric which re—
goondsdynam ically to the contents ofthe U niverse from the geodesicm etricw hich
dictates (in the absence of other, non-gravitational, forces) how those contents
propagate through spacetin e. The sim plest such theory relates the two m etrics
by a location-dependent change of scale, known as a conform al transform ation,
and endow s the scalar eld describing this transform ation w ith a dynam ics of its
own. This theory has been extensively studied in m any contexts and is highly
constrained [12]. W hereas such a scalar eld can a ect the dynam ics ofm assive
bodies, i doesn’t m odify the propagation of light rays and therefore w ill not play
a role In phenom ena such as gravitational lensing.

M ore general transformm ations involve Introducing not only a change in scale
between the m etrics, but also a distortion of angles and this can be done, for
exam ple, by introducing a preferred tim e direction— or a preferred rest fram e.
The m ost natural In plem entation is to add in a spacetim e vector eld that has
a non—zero valie at each point In spacetim e; in other words to point in some
direction in spacetin e. Ifthat direction is chosen to be (on average) the direction
that de nesthe future ( orward In tim e) as opposad to som e direction In space,
then the preferred direction w illbe established [13].

Bekenstein [14] recently proposed a fully relativistic theory that included
all of these elem ents: a disform al relation between the geom etric and geodesic
m etrics, a preferred fram e, and m odi ed dynam ics for the geom etric m etric. For
an appropriate choice ofan arbitrary but universal function, his theory could lead
toM OND ian dynam ics on galactic scales. B ekenstein’s theory isknown asTeVeS,
where the T stands for tensor (representing them etric), V for the tin e-like vector

eld, and S forthe scalar eld reponsble for the scale transfom ation. TeVeS is
actually part of a w ider class of m odels that reproduce M OND on astrophysical
scales. An altemative subclass of these m odels dubbed generalized E instein—
Aether (GEA) theordes, Include only the tin e-like vector eld and no scalar eld
[L5].

These modi cations of Einstein GR are su clently well de ned that it is
possible tom ake m predictions w ithin each m odel for what should be cbserved
on various astrophysical and cosn ological scales. Such theordes have interesting
properties, but whereas E Instein’s original proposal is highly constrained, these
m ore com plex proposals are kss so. Inevitably, they involve extra eldsthatm ay



com e to behave very m uch like dark m atter.

O bservational tests and lm itations

W ith a relativistic theory of modi ed gravity in hand, it is possible to m ake a
num ber of predictions on a range of scales. For a start, one can focuson thee ect
that TeVeS or GEA w illhave on the gravitational eld of com pact ob gcts, such
as stars or black holes. It has been shown that the atom ic spectral lines from
the surface of stars willbe a ected by TeVeS param eters [16] whereas farther
out, there m ay be directly detectabl preferred frame e ects that will m odify
the N ew tonian orbits of nearby ob cts [L7]. On even larger scales, it has been
proposed that the di erence In - ight tin e between gravity waves and neutrinos
from , for exam ple, a supemova can be used as a signature of modi ed gravity
theordes [18]. A s yet, an analysis of m illisscond binary pulsars, one of the GR
laboratories par excellence, is still lacking.

R elativistic theories of m odi ed gravity m ake speci c¢ predictions about the
dynam ics of the Universe. The TeVeS theory has a particular property: The
energy density in the extra elds is always proportional to the energy density of
w hatever is the dom inant form . Furthem ore, the constant of proportionality is
Independent of the initial conditions and dependent sokly on the fundam ental
constants of the theory [19]. These features lead to a tight constraint on the
overall energy density In the extra elds { it cannot be m ore than one fth of
the contribbution from baryons. Thus, unlke dark m atter, this energy density
is subdom inant to the baryonic m ass and does not a ect the overall expansion
rate. Such behavior can be found in other proposals form odi ed gravity but it is
not generic. It is challenging to nd a param etrization replacing CDM [20], but
such theories can predict a w ide range of cosn ological behavior, from the highly
reqular to the unstable, leading to acoelerated expansion or to contraction on a

nite tin e scale |21, 122].

M uch of the recent advance In cosn ology has been acom plished through un—
derstanding and m easuring the statistical properties of the grow th and m orphol-
ogy of large scale structure, through the cosm ic m icrow ave background (CM B)
and through surveys of galaxies. W ith relativistic theordes ofm odi ed gravity it
isnow possible to m ake predictions on the largest scales, and this hasbeen done
for a selection of the currently proposed m odels, In particular for the original
TeVeS modeland for GEA theories.

Inhom ogeneities evolve In a m ore com plex way In these theordes than In the
case of GR, wih two m ain new qualitative features. F irst, the extra degrees of
freedom drive the initial growth of perturbations; they seem to be a necessary
piece of the theory and there seem s to be no other way to seed structure given
the constraints from cbservations ofthe CM B on the am plitude of uctuations in
the baryonic m atter density when the universe was 1000 tin es an aller than it is
today. G ravity alone, even (stronger) M O ND ian gravity, appears to be ncapable
of grow ing structure w ithout seeds of such structure that are less coupled to
the photons than are baryons [0]. TeVeS and GEA avert this conundrum by



allow ngm odesofthenew gravitational eldstogrow and seed baryonic structure.
E ectively, these new degrees of freedom act asdark elds1D,[23].

A prelin inary com parison between the TeVeS theory and both the CM B and
large scale structure data indicates that they are roughly com patible[l9]. T here
area few caveats. F irst, £ m ay be necessary to lnclude a non-negligble am ount of
m assive neutrinosw ith am ass ofa few electron volts. T his is also them ass range
required by M OND to agreew ith clusters. It is stillunclearw hether this is generic
24], but if indeed it is, it m ay be testable In the near future. E xperin ents such
as KATRIN (the K arlsruhe tritium neutrino experin ent) w ill bring constraints

on the m ass of the neutrinos to below 1 electron volt [25].

Second, there is a subtle e ect that can em erge on the largest scales. In
GR, when m ost of the m atter is non—telativistic (in the form of atom s or dark
m atter), perturbations In the m etric can be described in tem s of one function,
which on amall scales is the Newtonian potential that gives rise to the inverse
square law ofgravity. Tn m odi ed theories of gravity, perturbations in the m etric
are generally described in term s of two potentials, one of which is the N ew tonian
potential (@part from the deviations required to lead toM OND ). The di erence
between the two potentials, also known as gravitational slip, can lead to changes
n the growth of structure, lJarge-scale graviational lensing and anisotropies in
the CM B . For exam ple, it is still unclear whether it is possible to com pletely
m atch both the CM B data on large and am all scales as well as the am plitude
ofmass uctuations in galaxy surveys. If one is to boost the an all angle peaks
of the predicted angular power spectrum of the CM B <o that i can m atch the
data, one runs the risk of introducing large uctuations on large scales due to the
gravitational slip. Furthem ore thise ect can suppress the am ount of clustering
on galactic, cluster and super cluster scales. So as yet, the com parison between
TeveS, theCM B and large scale structure is not conclusive [26], and allthe m ore
0 PrGEA and otherm odi cations of gravity.

T he gravitational slip m ay be the an oking gun form odi ed theories ofgravity.
There are, by now, a few suggestions on how it may be detected. The idea
is smple: Di erent cosm ological data probe di erent combinations of the two
gravitational potentials and by com bining them , i m ay be possible to tease out
evidence for the slip. So, for exam ple, a galaxy catalogue w illbe a m easurem ent
of the density contrast of the Universe and w ill be directly related to one of the
potentials, whereas a m ap of large scale ow s should probe the other potential.
M easuram ents of weak lensing will depend on the sum of the two potentials
as w ill observations of the CM B . By crosscorrelating m aps of the CM B w ih
galaxy surveys, or altematively m atching m aps of weak lensing w ith peculiar
velocity ows it should be possibl to ssarch for gravitational slip, and if found,
it willgive us Infom ation on about them ost relevant m odi cations to theordies of
gravity [6,127,28]. R elativistic theories ofm odi ed graviy can beused to calculate
thee ectsofgravitationallensing and can be tested w ith them any welkm easured
gravitational lenses. A notable exam pl is the Bullet cluster where the baryonic
m ass, which isusually relatively well traced by hot x—ray em itting gas, is severely
m isaligned w ith the sources of gravitational lensing as inferred from the distorted
In ages of background galaxies [29]. A dark m atter explanation for the Bullet
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Figure 3: The nom alized cross correlation spectrum , E , between density and
weak lensing on large scales, as a function of wave number, k. The points and
errors bars are a forecast of what would be expected iIn a Universe w ith dark
m atter, a coan ological constant and E instein gravity (LCDM ) as m easured by
the Square K ilom etre A rray (SKA ) or by a com bination of the Large Synoptic
Survey Telescope (LSST ) and a possibble version ofthe Joint D ark Energy M ission
(JDEM ) R7]. The coloured lines are variants of the TeVeS m odel of modi ed
gravity. The two di erent classes of theories are clearly distinguishable F igure
courtesy of P. Zhang, drawn from [R27]).
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cluster is that the lensing is centered on two localized accum ulations of dark
m atter, the halos of two colliding clusters that have passed through each other,
and the hot cluster gas is interacting as a result of that collision.

Ttwould appeardi cult to reconstruct such a con guration m erely by m odi-
fying gravity, but two features of such theordes prevent such a sin ple assesan ent.
The rstisthepresence ofthe extra dynam ical elds. Because structure is seeded
In thesemodels by uctuations in these extra elds, unsourced by any baryonic

uctuations, these elds clearly are capable of supporting uctuations that are
a source of gravity independent of the baryons. In principle, these gravity— eld
seeds m ay evolve into dark— eld concentrations that interact only gravitation-—
ally, becom e separated from their associated baryons in a collision, and source
gravitational lensing as seen in the bullet cluster.

The second feature is that these theories do not satisfy Birkho ’s theorem .
A s a result, not only is the gravitational eld due to a localized concentration of
m atter that is not unique (@nd m ay depend on the history that led to its assam -
bly) but the environm ent can play a m a pr role in the interactions between two
systam s. For exam ple, In Inferring the dynam ics of galaxies w ithin a cluster it
becom es necessary to include the e ects from the rest of the cluster, from neigh—
bouring clusters and from any enveloping super-cluster [8,/7]. Yet, these theories
should be predictive and there have been attem pts to study lensing properties
of speci ¢ galaxies and galaxy clusters In TeVeS and GEA , wih m ixed resuls
[30,131]. W ithout Including the e ect of extra degrees of freedom or the environ—



m ent, it was found that, in TeVeS, the Bullet cluster would have to be surrounded
by m assive neutrinos, w ith a m ass of approxin ately 2 electron vols [32]. Even
with the inclusion of the e ects of the extra degrees of freedom , i would be
necessary to have som e form of dark m atter, which could be in the form of neu—
trinos. T his is all hardly surprising because, as discussed above, M OND requires
clusters to have som e dark m atter. For GEA theories it is possible in principle
to reconstruct the geom etry and gravitational eld of a lens such as the Bullet
cluster, without any extra m atter but w ith a substantial contrioution from the
extra degrees of freedom [33]. T he question of whether the dynam ical evolution
of the dark eld perturbations leads naturally to such large dark eld halos at
large tim e scales ram ains outstanding.

A Yhough there isnothing intrinsically inconsistent w ith having thenew elds
that m ediate them odi cations of gravity envisioned in M OND act as dark seeds
of structure ordark concentrations of gravitational lensing, this necessity detracts
from the cleanliness of the original M OND vision: W hat you see is apparently
not what you get, even In M OND . It is therefore m uch harder to m ake testable
predictions for m odi ed theories of gravity than was already thought and thus
far, these relativistic extensions of M OND rem ain viable solutions to the problem
ofm issing m ass.

D ark Energy and future m easurem ents

The problem ofm issing gravity hasbeen at the forefront of coam ology form any
decades. From the moment a proposal was put forward to sole the m issing
m ass problem of galaxies with m odi ed gravity, it was realized that there could
be cosn ological in plications: The acceleration scale, a; ’ 10 8an=s?, which
characterizes the transition between Newtonian and non-Newtonian gravity in
M OND, is of the sam e order of m agnitude as cH o, where ¢ is the speed of light
and H  is the expansion rate of the Univers today.

Furthem ore, the recent discovery that the Universe m ay be accelerating (and
not decelerating asG R predicts ifthe energy content ofthe U niverse isdom inated
by pressureless, non-relativistic m atter) hasbeen taken to im ply the existence of
an additionaldark com ponent ofthe Universe. D ubbed dark energy it is gravita—
tionally repulsive and can drive the expansion at late tim es. Tt m ay be possble
that the accelerated expansion of the Universe is Instead due tom odi cations to
E instein’s theory of gravity.

Some modi ed gravity theories seek to explain only the accelerated expan—
sion and not the m issing m ass problem of galaxies and clusters. DGP (O vali-
G abadadzeP orrati) [34] and (generic) £ R) theories [35] are two that have re-
ceived w idespread attention. However, as for uni ed m odels of the dark sector,
where an extra com ponent of the energy density of the Universe can be both
dark m atter and dark energy, it is natural to consider m odels where m odi ca—
tions of gravity can give rise to both the breakdown of Newtonian graviy on
galactic scales and to the acceleration of coam ic expansion, as n TeVeS or GEA
21,137,115,136,138].



A s argued In the previous section, future surveys m ay be able to distinguish
between theories of modi ed gravity and GR wih dark m atter and dark en-
ergy R7]. A survey of galaxies (such as those that will be done by the Joint
D ark Energy M ission [39] or the Square K ilom etre A rray [40]) combined w ith
a m easurem ent of lensing on large scales (such the one proposed by the Joint
D ark Energy M ission or the Large Scale Synpotic Survey [41]), should be abl
to clearly pick out the signature of gravitational slip of a theory such as TeVeS.
Furthem ore, thiswould be on scales forwhich m any ofthe issues that com plicate
predictions in the case of quasi-isolated system s such as clusters, would not com e
into play.
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