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TTlnaH pacckasa

TTapuuansHeie sBonHLI U npeobpasosaHue
XaHKens. ACUMTOTUYECKUIA paAa.

TTocTtaHoBKa 3aAQ4MU.
MacTep-teopema PamaHyaxaHa u ee obobuieHue.

TTpeacrasneHue npeobpasosaHua XaHkens
Lenoro nopsaxka B suae abcontotHoO u
paBHOMEpHO CXOAsAlLeroca paAa.

TTpumeprz
3aknroueHue
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PasJjio2keHue aMILIUTYAbI II0 NapIiuaJdbHbIM BOJITHAM

0

A(s,t) =167 Y (20 +1)Ai(s)Pi(cosf)

ITociiegane NMEIT ACUMIITOTUKY
Ai(5)] s yne = F(5) ex(~2m//5)
IIpu masbIX yrjax paccesHua (= —— = —

b
H(cosé')b{{l = H(CDS Tq)

I=>1

. . £
VcnosabdyeMm popmysay:  lim [U”P v “(‘3‘3‘5 _)] = Ju(z) (z>0)

V—r 00 L/

) 167 i (2l + 1)A;(s)Fy(cosf) = SWS/dbbA(b,s)Jn(qb)

=l 1 b
0> bo(s)
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INUKOHAJTbHOE IMIPUOJINKEHUE VIS AMILJINTY/AbI

A(s,t) = 47r'173/d.bb 11— e""'(b’s)] Jo(qb) .
0

CBA3b SUKOHAJIbHOU PYHKIIUU ¢ BOpHOBCKON aMILIUTY/IOM

1 r I;
X(s,b) = o /dquo(qb) AR(S,q) mmmp An(s,q) = 47s /dbb Jo(qb) x(s,b) .
0 0

ACHMIITOTHKA SUKOHAJIBHOU (PYHKIINH

[X(b, 8)|| com2 = 2f(s) exp(—bm)

bma1

orpaHUvYMBaeT BHIOOP BOpHOBCKON aMILJIUTY/AbI
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TTpeobpasoeaHue XaHkena nopsaaxa v

H,LF (0]() = j X f(x) J, (q¥) dx
0

dyuknua f(x) HenpepsIiBHA WM KyCOYHO —HeENMpepbIBHA
C KOHEYHBIMU CKaUKaMU

o0

U HHTErpaJl I 1/2| f(X)| dX komeuen
0

g-3asucumocme?

IlepBoe dhopmasibHOe (0€3 AoKa3aTeJTbCTBA CXOAUMOCTH)
pasiao:xkenue H [f(x)](q) B crenennoi pag (Willis, 1948)

" (2) (4)
I £ x) 30 (a¥) dx = f@ 1190 13190
q 2 q3 22 2| q5
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B psage paGoT ObL/IM MOJIyY€HbI ACUMIITOTUYECKUE PAABI
s H [f(x)]1(q) pasa Goapminx 3HaveHUM mapaMerpa q

IPpH pa3JTHYHBIX YCJIOBUAX HA noBeaeHue dyuxkmun f(x):
Hsu(1961), Slonovski (1968), Handelsman (1971),
Mackinnon (1972), Wong (1976), Soni (1982) u ap.

MoXHO N1 conocTaBuTb NpeobpasoBaHuio XaHKkens
H [f(x)](g) He acumnTOTHMYECKUMIA, HO abCONIOTHO U
paBHOMEPHO cxoaAlwmiica paa?

Kakue npu aTom cnepyet HaNoXKUTb YCNOBUA HA
dyHKumio f(x) n/unm ee npoussogHbie?

Pemurhs JAaHHYIO IPOOJIEeMYy HAaM IIOMOKET
oOpalneHue K Mmacrep-reopeme Pamanya:xana

B nasbHelM1IeM nmoJjiaraem v=n=-1u q>0

CemuHap OT®, 8 ceHTaAbpa 2020 r.



He nopa nu, apy3sba mou, HaAM 3aMAXHYTbCA
Ha CpuHUBACY,NOHUMAETe NU, M-M, Halero
PamaHyaxaHa?

CemuHap OT®, 8 ceHTaAbpa 2020 r.



PaMaHy/I:kKaH JJIOONUJI TOBOPHUTH, UYTO (hOpPMYJIbI €My BHYIIIA€T BO CHE
oorunsa Hamakkanab. IHTEPECHO OTMETUTD, YTO IEHNCTBUTEJIHBHO OH 4aCTO,
BCTaBasA IO yTPaM ¢ KPOBaTH, TYT K€ 3alUChIBAJI TOTOBbIE (hDOPMYJIBbI.

r

[ f
V1+2V1+3Vﬁ+4wl+”.=3.

DTy KpacuByio ¢popMmyy PamMaHy 1K aH MOy YW elle B HIKOJBHEIE IO bl CJIe-
AVIONIMM 0Opa3oM: OH HaIlHcaJl IO (JIeJOBATEJILHO CTh OMeBUHEIX PAaBeHCTB

nn+2)=ny1+nm+1)n+3)=

= n\,."’;l+ m+ D1+ n+2)(n+4)=...,

a 3areM mojacraBua n = 1. Bompoc o 3akoHHOCTH mepexoja K mpejedy
Pamanympxana He nHTepecoBaa. [leucTByAd Tak XKe, YMTATEIL MOXKET IIO-
IpoOOBATE CAMOCTOATEILHO MOJy IUTh MOX0XK VIO (hOPMy.JIy

J
J

| .{
V6+2V7+3V%+4¢9+“.:4
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24/2 i 1 26390k + 1103
992 — k! 396%%
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dopmysaa Xapau-PamaHnya:xaHa
(Hardy, Ramanujan, 1918)

IIycTh p(n) ecTh UnCJI0 pa3oueHu HATYPaAJIbHOTO
qucja N Ha CyMMY APYTUX HATYyPaAJIbHBIX UHCEJ

Hampumep, p(5) = 7: {5}, {4+1}, {3+2}, {3+1+1},
{2+2+1}, {2+1+1+1}, {1+1+1+1+1}

p-n.)— Z\/_-h d(iz( nl_isinh[%\/g(n—i)])

24

A= Y exp{m’(s(m.k)— 2’:"]}

0<m=k:(m.k )=I

g-1
1
rae s(m,k) ectb cymma Jlegexkunga, s(p.q)= Tchot(%j cot(ﬂj

q
r=1
A p(n) = L exp n]/ 2 N — oo
CHUMIITOTHUERKA: — y
4n/3 3
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CBa3p popmyasl Xapau-PamaHya:xaHa
CO cTaTuCTHYECKOU (PU3UKOU

N — 9HCJI0 HEB3aNMOAE€HUCTBYIOIIUX

; 1
JIMHEHHBIX OCIIIIJISATOPOB

" P Nho=E - =Nho
E — Heprua aHcamoJis 2

ppy(1) - YHcCaI0 CIOCO00B pacnpene/IuTh 1n
KBAaHTOB Hepruu Me:kay N oCIIIJISTOpaMu

IIpenes 6oapmux 3HaueHun n (0osab1on E)

_ 1 2n
P (N) = p(n)—4n ik \/:

I'(E)= exp| 7 E (4 C/I0 MUKPOCOCTOSTHU)
4E\/_ \ 3
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MacTep-Teopema PamarHyaxaHa

Let ¢(z) be analytic (single-valued) function, defined on a half-plane
H(0) ={z€ C:R(z) > -6}

for some 0 < § < 1. Suppose that, for some A < &, (=) satisfies the growth
condition

lp(o 4 47)| < CePotAl

for all z = o + i € H(d). Then the identity

[ [000) — (1) +2%0(2) — . Jdo = T ()

holds for all 0 < P(s) < 4.

CBa3p MacTep-Teopemsl ¢ Teopemon Kapciona
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0060011IeHue MacTep-TeopemMbl Pamanya:kaHa

(A.K., 2019)

Let ¢(z) be meromorphic function which obeys the conditions of the Ra-
manujan master theorem. Suppose that ¢(z) has a finite number of poles at
the points z; (¢ = 1,2,... N) with 0 > fRe(z;) > —4. Then

s N a+100
. p(=s) ™" 1 p(=s)
—z)™( l R g | T . z~"ds
S (—a)p(m) + 7Y [ o ] : / A o
m=0 = | TR o
where —min[Re(z1),...,Re(zy)] < a < 6.
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TlpeobpaszosaHue XaHkena w ero cteneHHOM paa

THEOREM 1. The Hankel transform of order zero can be presented by an
absolutely and uniformly convergent series for ¢ > a > 0

@) = z 1 T Fm(0) (20)2

2

provided that

(1) f(=2) # f(=);

(2) f(z) is a regular function at a point = 0, and its Taylor series has the
form

. a®(0
- Z g k'( ) (—z)F, A c Opoxcbio ynaca omeopayuearocb om
k=0 8aAWUX HECYACMHbIX NMPOKAAMbIX PpyHKYUl,

where (—1)%¢'®)(z) is the k-th derivative of f(z); Yy KOmopbix Hem nNpPou3800HbIx (L. Ipmur)

(3) z/2f(z) = 0, as = — oc;

(4) ¢'9(0) is a regular (analytic single-valued) function defined on a half-
plane

d) ={s e C: R(s) = -0}

for some 3/4 < 6 < 1 and satisfies the growth condition
99)(0)] < Ca™
for some a > 0, and all s € H(4).
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Ecau 66t 2 moavko umea meopemsvl! To2oda s mo2
Obl 00CMAMOUHO Ae2K0 Halulmu dokasameabCmaed.
b. Puman

JlokasareabcTBO TeopemMsl 1:

o0

>0 L emen0) () = 3o (1) () olm).

m=0
where
['(2s+2)

)= gmmrnd 0

Jlasee — mpuMeHsAEeM MacTep-TeopeMy
K JaHHOU (PYHKIIUU @P(S)
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IIpeo6pa3oBanue XaHKeJd Nepe020 MopAIKa

THEOREM 2. The first-order Hankel transform

oo

Half(@))a) = [f(x)h(ge) da
0
can be presented by an absolutely and uniformly convergent series for ¢ >
a:2:0
1 < "L(2m+2) o i
= 5 ) - RO,

q ?(m+1)

m=0

provided that f(z) and its derivatives at x = 0 satisfy conditions (2)-(4)
of theorem 1, and the condition f(—z) # f(z) is replaced by the condition

f(—=z) # —f(z).

JLOK-BO: /a:f(l)(;z:).]l(qa:) dr = —q/:z:f(:z:)]o(q;lf) .
0 0
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IIpeoOpa3oBaHuie XaHKeJIA 6MOPO20 MOPAIKA

THEOREM 3. The second-order Hankel transform

oo

Hal (@) = /fcf(w)Jz(qar) &

can be presented by an absolutely and uniformly convergent series for ¢ >

a>0
= —2 i EOO m L(m+5/2)T(m+1/2) c@mi1) 9 7
liwlla) =g+ oo m:O(_l) T'(2m + 2) £ 0 (2)

provided that f(z) and its derivatives at z = 0 satisfy all the conditions of
theorem 1.

JIlJia nokasarejabcTBa MPUMEHUM 0000W EeHHY10
MacTep-TeopeMy, 3aMeTHUB YTO:

%f(o) = wRes[F(—s) (g)% ,1/2]

where
4 T(s+5/2)T(s+1/2)

Tq3 I'(2s + 2)
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IIpeoOpa3oBanue XaHKeJd Ue. 1020 MopAaKa n

THEOREM 4. The Hankel transform of order n > —1 can be presented
by an absolutely and uniformly convergent series for ¢ > a > 0

2w~ I'(k/2+n/241) k g\~ k
Half(@ =_22 T(n/2 —k/2)T (k+1)f()(0)(§) ’

provided that f(z) and its derivatives at x = 0 satisfy all the conditions of
theorem 1, except for the condition f(—=z) # f(z) which is replaced by the
following condition

+f(z), neven,
f(“”')#{ —f(z), nodd.

Jlia fokasaTe/ibCTBA UCIOJb3YyEM YCUIEHHbBLL
NPUHIIUII MaTeEMAaTUYECKON MHAYKITUN:

PaccMoTpHuM MOCTIE€A0BaTEeIbHOCTh yTBep:kaeHuu P, P,,,P,, ...
Eciiu U3 npeanoso:KeHusa, YTo JJIA JI000ro HaTypaJdbHOI0 M
sce P, P,, ...P,, , ICTUHHBI, cJIeAyeT UCTUHHOCTS P, ,

TO P, MCTUHHO /I II000T0 HATYPAJIBHOTO 11 > 1

CemuHap OT®, 8 ceHTaAbpa 2020 r.



B namiem cirydae P(11) ecTh yrBep:KJAeHUE TEOPEMBI 4
U1 IpeoOpasoBaHua XaHKe A mMopAaaAKa n. Beiie
OBLJIO JOKa3aHO, YTO OHO MCTHUHHO JJIfA N=0, 1 U 2

Hcnoabn3yeM CBA3b «coceauux» pyHkiui beccesn

o0 oo

(n—1) /xf(;v)Jn,+1(q17) dr = (n+1) /:z:f(a:)Jn_l(q;v) dx

+ s /:cf(l)(a:).]n(q:v) dz .
q

0

Toraa HEeTPyAHO IIOKA3aTh, YTO U3 UCTUHHOCTHU
P(m-1) u P(m) (m >2) ciaexyer HCTUHHOCTh P(m+1)
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JaMeuyaHuda:

1. Teopembl 1 u 2 ocTaloTCcA cnpasea/iIUBbIMU,
ecam f2m)(0) = 0 ana Bcex m (f2™+1)(0) = 0 ana Teopembi 2)

2. Echu ana npoussoaHbix B Hyne f5)(0) ycnosue pocra
He BbIMOJIHEHO, PAAbI CTAHOBATCA aCUMMATOTUYECKUMMU

3. B npegene 6onbwinx q, Hy[f(x)1(q) = O(q2), B To Bpems
Kak H_[f(x)](q) =0(gq3) anan=-1,1, 2, ...
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TTpumeptl NnpumeHeHUA AOKA3AHHLIX TeopeMm

1.n 2 -1, f(x) = exp(-ax), a>0

I(q) = /a:e—am.]n(qx) dz .

Since f™(0) = (—1)"a", we get
1 D(k/2+n/241) ( 2aY
W T(/2—k/2) ( ?)

9 \ <= 1T(k/24+n/2)
Blnx> £ k! T(n/2 — k/2)

[ 8

2
I(‘])=—2
. -
L

q2 (_Qx)k )

n—+

B T

where z = a/q. The series on the second line of this equation is equal to

il ['(k/2+n/2) (G = (V1+ 22 —z)"!
= k! T'(n/2 —k/2) N '

This series converges for |z| < 1. As a result, we come to the expression
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2. n =0, f(x) = exp(-ax) l,(cx), a>c>0
(1,(z) - moauduumposaHHaa dpyHkumna beccena nepsoro poaa)

I(q) = [ze “Iy(cx)Jpl(gx) dz |
]

For odd-order derivatives, we obtain

2m + 1\ [ 2k 2\
()m+1) ‘)m+] S
f B o)

that results in

Here Fy(a, 3,7, x,y) is the hypergeometric series of two variables. It is
the uniformly and absolutely convergence series for \/|z| +1/|y| < 1.

On the other hand, we find in well-known tables of integrals

% . \3/2
,(Q)ZL(L) (1 — K2)¥4 PE(k) — K(k)],

T \qc

were K(k) and E(k) are the complete elliptic integrals of the first and second
kind, respectively, and

l) A') () ]/'2
1 g°+a° —c°

k=—11-
V2 [ V(g2 +a? — )2 + 4422
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3aknroueHue

TTpeobpasosaHue XaHkena H, [f(x)]1(q) usydyeHo
ANS uenbiX n = -1u q > O.

[oka3aHo, YTO OHO NpeACTABUMO abCONHOTHO U
PAGBHOMEPHO CXOAALMUMCA PSAOM NO O6paATHLIM
cTeneHam q, npu ycnosuu, uto f(x) u ee
npoussoaHbIe YAOBNETBOPAOT onpefesieHHbIM
YCIOBUSAM.

CpOopMyNMUPOBAHHEIE U AOKAG3AHHbIE TeOopeMbl
NPOUNNIOCTPUPOBAHBLL PAAOM MPUMEpPOB.

TToauepkHem, YTO B NUTepatype AnNs
npeobpasosaHu XaHkens npeacTasneHsl NuLb
ACUMNTOTUYECKUE pAabI.
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Cnacn6bo 3a BHuUMaHue!

CemuHap OT®, 8 ceHTaAbpa 2020 r.

26



—A BOT y MeHs
Bonpocl..
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Back-up slides
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...0d 30 makue 0okazamenscmea 200a Ha mpu e Conoeku!

M.A. bynrakos. Mactep n Maprapura. lhasa 1.
Hukoraga He pa3sroBapuBaiTe ¢ HE3HaKOML,AMU

CemuHap OT®, 8 ceHTaAbpa 2020 r.

29



Ramanujan’s nested radical

B \/1+2\/1+3\/1+4\/1+---

LS
o

BOBBABBDDDDDABADR DS AN

S. Ramanujan (1887-1920)

Proof: Define f(x) = x +n + a, so that f(z)? = ax + (n+ a)® + zf(x + n).

Set @ = 0, n = 1, x = 2 and substitute recursively for f(x).
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