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Ïîâåñòü âðåìåííûõ ëåò
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×òî òàêîå ìàòåìàòè÷åñêàÿ ôèçèêà?

Áûâàåò òàê...

áîëüøàÿ íîâàÿ ôèçèêà èç ìàòåìàòèêè;

áîëüøàÿ íîâàÿ ìàòåìàòèêà èç ôèçèêè;

ðåøåíèå çàäà÷ èç ìàëîé (?) íîâîé ôèçèêè.
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Ðàçäåëüíî èëè âìåñòå?

Êàëèáðîâî÷íûå ïðåîáðàçîâàíèÿ è äèíàìèêà

δAµ = ∂µφ

δqi = q̇iδt

Â ÎÒÎ ïîòåíöèàëîì ñëóæèò ìåòðèêà, è îáùåå
ïðåîáðàçîâàíèå êîîðäèíàò âêëþ÷àåò â ñåáÿ äèíàìèêó

xµ → x ′µ(xα) = xµ + ξµ(xα), (1)

δgµν = ξµ;ν + ξν;µ = (2)

= ġµνδt + gµν,kξ
k + gµαξ

α
,ν + gανξ

α
,µ (3)
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Ãèáêîå âðåìÿ

Â êëàññè÷åñêîé ìåõàíèêå ìîæíî äîáèòüñÿ èíâàðèàíòíîñòè
ïðè îáùèõ çàìåíàõ âðåìåíè

t → τ = τ(t), t = t(τ)

ââåäÿ äîïîëíèòåëüíî ê ñòàðûì qi(t) íîâóþ êîîðäèíàòó
q(t) ≡ t(τ), òîãäà ñêîðîñòü åå èçìåíåíèÿ, òî åñòü,
ôóíêöèÿ N = dt/dτ ïîÿâèòñÿ â ãàìèëüòîíèàíå â êà÷åñòâå
ìíîæèòåëÿ Ëàãðàíæà ïðè óðàâíåíèè ñâÿçè, òàêèì îáðàçîì

Hnew = NR , R = p + Hold ≈ 0
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Âëîæåíèå ïðîñòðàíñòâà â ïðîñòðàíñòâî-âðåìÿ
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Lapse and shift

Â ïðîñòðàíñòâå-âðåìåíè òðåáóþòñÿ óæå 4 ëàãðàíæåâûõ
ìíîæèòåëÿ, îíè ïîëó÷àþòñÿ ïðè ðàçëîæåíèè 4-âåêòîðà ïî
áàçèñó, ñîñòîÿùåìó èç åäèíè÷íîé íîðìàëè ê
ãèïåðïîâåðõíîñòè è òðåõ êàñàòåëüíûõ âåêòîðîâ

Nα(τ, x i) ≡ ėα(τ, x i) = Nnα + N ieαi .

Ãàìèëüòîíèàí ÎÒÎ è ëþáîé îáùåêîâàðèàíòíîé òåîðèè
äîëæåí èìåòü âèä

H =

∫ (
NR+ N iRi

)
d3x ,

ãäå ñâÿçè ïåðâîãî ðîäà ïîëó÷àþòñÿ âàðüèðîâàíèåì ïî N ,
N i .

Â.Î. Ñîëîâüåâ Êàíîíè÷åñêàÿ ñòðóêòóðà áèãðàâèòàöèè



Âëîæåíèå ïðîñòðàíñòâà (2)

Â.Î. Ñîëîâüåâ Êàíîíè÷åñêàÿ ñòðóêòóðà áèãðàâèòàöèè



A Tale of Two Metrics and Two Bases

Äâå ìåòðèêè � çíà÷èò è äâà áàçèñà

(nα, eαi ), (n̄α, eαi )

è äâå ïàðû ôóíêöèé ñìåùåíèÿ è ñäâèãà

N ,N i , N̄ , N̄ i .

Îäíó ïàðó óäîáíî çàìåíèòü íîâûìè ïåðåìåííûìè u, ui

ui = (N̄ i − N i)/N , u = N̄/N ,

îíè æå ñâÿçûâàþò äâà áàçèñà

n̄µ = unµ, ē iµ = e iµ − uinµ, n̄µ =
1

u
nµ − ui

u
eµi .
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Î äâóõ ñâåòîâûõ êîíóñàõ è ÎÄÇ
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Î ïîòåíöèàëå äëÿ äâóõ ìåòðèê

Ïîòåíöèàë äîëæåí áûòü ñêàëÿðíîé ïëîòíîñòüþ è çàâèñåòü
îò äâóõ ìåòðèê, íàïðèìåð,√

(−g)U(gµν , fµν)

èëè √
(−f )U(gµν , fµν).

Ôóíêöèÿ U äîëæíà çàâèñåòü îò èíâàðèàíòîâ ìàòðèöû
Y = g−1f = gµαfαν èëè îò èíâàðèàíòîâ ôóíêöèè îò ýòîé
ìàòðèöû.
Íàïðèìåð, â ÐÒÃ

√
−gU =

√
−g
(
1

2
TrY − 1

)
−
√
−f
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Îá èíâàðèàíòàõ ìàòðèöû

Èíâàðèàíòàìè ìàòðèöû ÿâëÿþòñÿ åå ñèììåòðè÷åñêèå
ïîëèíîìû, êîòîðûå ìîãóò áûòü âûðàæåíû ÷åðåç
ñîáñòâåííûå çíà÷åíèÿ èëè ÷åðåç ñëåäû ñòåïåíåé ìàòðèöû

e0 = 1,

e1 = TrX ,

e2 =
1

2

(
(TrX )2 − TrX 2

)
,

e3 =
1

6

(
(TrX )3 − 3TrXTrX 2 + 2TrX 3

)
,

e4 = detX .
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Î ïåðâîðîäíîé ïîðî÷íîñòè ïîòåíöèàëà

Îäíàêî êàê ïîêàçàëè (Boulware, Deser 1972) â îáùåì
ñëó÷àå ãàìèëüòîíèàí äâóìåòðè÷åñêîé òåîðèè íå ñîäåðæèò
íîâûõ ñâÿçåé, ïîìèìî 4-õ ñâÿçåé 1-ãî ðîäà ÎÒÎ, ïîýòîìó
÷èñëî ñòåïåíåé ñâîáîäû îêàçûâàåòñÿ ñëèøêîì áîëüøèì

6[γij ] + 6[ηij ]− 4[H,Hi ] = 8 > 7 = 2[massless] + 5[massive].

Ïðè÷èíà â íåëèíåéíîé çàâèñèìîñòè ãàìèëüòîíèàíà îò
âòîðîé ïàðû íåäèíàìè÷åñêèõ ïåðåìåííûõ, íàïðèìåð,
ôóíêöèé ñìåùåíèÿ è ñäâèãà N̄ , N̄ i èëè îò u, ui .
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Î íåïîðî÷íîì ïîòåíöèàëå äÐÃÒ

Ïðîñòåéøèé âûáîð ìàòðèöû Y = ||gµαfαν || ïðèâîäèò ê
òîìó, ÷òî ïðîèçâåäåíèÿ åå èíâàðèàíòîâ íà èíâàðèàíòíûé
îáúåì dVg =

√
−g = Nu

√
γ èëè íà dVf =

√
−f = N

√
η íå

áóäóò ëèíåéíûìè ïî u

Y =

(
−u−2[nµnν ] u−2ui [nµeνi ]
u−2uj [eµj nν ]

(
γ ij − u−2uiuj

)
[eµi eνj ]

)
,

à ìàòðèöà X =
√
Y áóäåò èìåòü èíâàðèàíòû ëèíåéíûå ïî

u−1, òàê ÷òî ïðè óìíîæåíèè íà dVg =
√
−g = Nu

√
γ

äîëæíû ïîëó÷àòüñÿ âûðàæåíèÿ ëèíåéíûå ïî u è âîò ÎÍ:

UdRGT =
i=4∑
i=0

βiei(X) .
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Î ïðîáëåìàõ ìåòðè÷åñêîãî ôîðìàëèçìà

Êàê èçâëå÷ü êâàäðàòíûé êîðåíü èç ìàòðèöû?
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Î áîðüáå ñ ïðîáëåìàìè (Hassan-Rosen, 2011,

Hassan-Lundkvist, 2018)

Äåëàåòñÿ çàìåíà ïåðåìåííûõ

ui = v i + uD i
jv

j ,

è ïðåäïîëàãàåòñÿ, ÷òî êîðåíü ìîæíî òåïåðü âûðàçèòü òàê

X =

(
(− ε

u
)[nµnν ] εv j

u
[nµeνj ]

εv i

u
[eµi nν ]

(
− εv iv j

u
+ 1

ε
D ij
)

[eµi eνj ]

)
,

ãäå ε = 1/
√
1− ηijv iv j . Íåîáõîäèìûìè óñëîâèÿìè äëÿ

òàêîãî âûðàæåíèÿ ÿâëÿþòñÿ ñîîòíîøåíèÿ

D ij = D ji , γ ij = D i
kv

kD j
mv

m + ε−2D ikD j
k .

Òàêèì îáðàçîì, ââîäèòñÿ íåÿâíàÿ ôóíêöèÿ îò ìåòðè÷åñêèõ
ïåðåìåííûõ D i

j . Ïîëíûå âû÷èñëåíèÿ � 2018 ãîä.
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Î áîðüáå ñ ïðîáëåìàìè (Ñîëîâüåâ-×è÷èêèíà,

2013)

Ïîòåíöèàë çàäàí íåÿâíîé ôóíêöèåé

NŨ , Ũ =
√
ηU(u, ui , ηij , γij),

ãàìèëüòîíèàí

H =

∫ (
NR+ N iRi

)
d3x ,

ñâÿçè ïåðâîãî ðîäà ïîëó÷àþòñÿ âàðüèðîâàíèåì ïî N , N i ,

R = H + uH̄ + uiH̄i + Ũ , Ri = Hi + H̄i ,

ñâÿçè âòîðîãî ðîäà � âàðüèðîâàíèåì ïî u, ui

S = H̄ +
∂Ũ

∂u
, Si = H̄i +

∂Ũ

∂ui
.
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Î ðîëè àëãåáðû ñâÿçåé

Âû÷èñëÿÿ ñêîáêè Ïóàññîíà ìåæäó ñâÿçÿìè 1 ðîäà
ïîëó÷àåì íîâûå óðàâíåíèÿ, ñâÿçûâàþùèå ïåðâûå
ïðîèçâîäíûå îò ïîòåíöèàëà ïî âñåì ïåðåìåííûì.

2ηjk
∂Ũ

∂ηij
+ 2γjk

∂Ũ

∂γij
− ui ∂Ũ

∂uk
= δikŨ ,

2ujγjk
∂Ũ

∂γk`
− u`u

∂Ũ

∂u
+
(
ηk` − u2γk` − uku`

) ∂Ũ
∂uk

= 0.

Ñêîáêè ìåæäó ñâÿçÿìè 2 ðîäà ïðèâîäÿò ê óðàâíåíèþ
Ìîíæà-Àìïåðà, ñîäåðæàùåìó âòîðûå ïðîèçâîäíûå îò
ïîòåíöèàëà ïî ïåðåìåííûì u, ui

det
∂2Ũ

∂ua∂ub
(x) = 0.
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Î âîëøåáíîé ìàòåìàòèêå

D. Fairlie, Ëåçíîâ À.Í., General solutions of the
Monge-Amp�ere equation in n-dimensional space, Journal of
Geometry and Physics 16, 385 (1995)

Th. Chaundy, The Di�erential Calculus, Oxford, 1935
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Î ïîáåäå íàä ïðîáëåìàìè

Ñâÿçü S êîììóòèðóåò ñàìà ñ ñîáîé.
Äëÿ ñîõðàíåíèå ñâÿçè S ïðè ýâîëþöèè òðåáóåòñÿ
âòîðè÷íàÿ ñâÿçü Ω.
Ñâÿçè S è Ω íå êîììóòèðóþò, ñëåäîâàòåëüíî îíè âòîðîãî
ðîäà.

{S(x),S(y)} = −Ū iS(x)δ,i(x , y) + Ū iS(y)δ,i(y , x),

{R(x),S(y)} = (ui − uŪ i)S(x)δ,i(x , y)−
(
u(Ū iS),i + Ω

)
δ(x , y),

{S(x),Ω(y)} 6= 0.

Ýòîãî äîñòàòî÷íî äëÿ îòñóòñòâèÿ äóõà Boulware-Deser.
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Î òîì, ïî÷åìó òåòðàäû ëó÷øå ìåòðèêè

Òåòðàäû ìîæíî ïîíèìàòü êàê êâàäðàòíûé êîðåíü èç
ìåòðèêè, ïîñêîëüêó

g = ETE , gµν = EµAE
A
ν ,

g−1 = E−1(E−1)T , gµν = EµAE
Aν ,

òîãäà óäàåòñÿ ÿâíî èçâëå÷ü êâàäðàòíûé êîðåíü èç ìàòðèöû
ñìåøàííîãî òåíçîðà Y

X =
√

g−1f =
√

E−1(E−1)TFTF = E−1FT ,

åñëè âûïîëíÿþòñÿ óñëîâèÿ ñèììåòðè÷íîñòè

(FE−1)T = FE−1.
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Ðàñøèôðîâêà íåÿâíûõ ôóíêöèé

Ïðåîáðàçîâàíèå Õàñàíà-Ðîçåí

ui = v i + uD i
jv

j ≡
(
f
ia + ueia

)
va.

Êîýôôèöèåíòû â àëãåáðå ñâÿçåé 2-ãî ðîäà

Ū i = || ∂
2Ũ

∂ui∂uj
||−1 ∂2Ũ

∂u∂uj
= −eiava.

Ëèíåéíîñòü ïîòåíöèàëà ïî u, ui

Ũ = W + uiVi + uV ≡ W ′ + uV ′,

ãäå ui èñêëþ÷åíî âåðõíåé ôîðìóëîé.
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Ðàñøèôðîâêà ïîòåíöèàëà

V ′ = e
(
β1e1(w) + β2e2(w) + β3e3(w)

)
+ β0e,

W ′ =
e

ε

(
β1e0(z) + β2e1(z) + β3e2(z)

)
+ β4f .

ãäå

zab = Pacxcb ≡ f̃iae
ib, Pac = δac +

ε2vavc
ε + 1

,

wab = P−1ac xcb ≡ f̃ iaηije
jb, P−1ac = δac −

εvavc
ε + 1

,

xcb = fice
ib, f̃ia = Pacfic , f̃ ia = P−1ac f

ic ,
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Ïðåèìóùåñòâà òåòðàäíîãî ïîäõîäà

Ïîòåíöèàë (à çíà÷èò è ãàìèëüòîíèàí) ëèíååí ïî
ôóíêöèÿì ñìåùåíèÿ è ñäâèãà N , N̄ , N i , N̄ i

Âñå íåäèíàìè÷åñêèå ôóíêöèè ÿâëÿþòñÿ ìíîæèòåëÿìè
Ëàãðàíæà

Óñëîâèÿ ñèììåòðè÷íîñòè òåòðàä ïîëó÷àþòñÿ êàê
âòîðè÷íûå ñâÿçè

Ïðåîáðàçîâàíèå Hassan-Rosen âûâîäèòñÿ, à íå
ïîñòóëèðóåòñÿ

Íå èñïîëüçóþòñÿ íè íåÿâíûå ôóíêöèè, íè ñêîáêè
Äèðàêà

Âûÿñíÿåòñÿ ñìûñë êîýôôèöèåíòîâ àëãåáðû ñâÿçåé
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